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Abstract
Fusion blankets are required to operate in a harsh environment under the
influence of a number of synergistic physical phenomena, working across sev-
eral length scales. The ability to model the thermal-hydraulics of a blanket
e↵ectively is key for analysis and design purposes. For magnetic confinement
reactor blanket designs using a conducting fluid as a coolant and tritium
breeder, the di culties in flow modelling are particularly challenging due to
interactions with the large magnetic field.
Blanket analysis is an ideal candidate for the application of a code cou-
pling methodology, with a thermal-hydraulic systems code modelling por-
tions of the blanket amenable to 1D analysis, and a CFD or rather CMHD
(Computational Magnetohydrodynamics) solver providing detail where nec-
essary. It is the aim of this study to develop a coupled systems code - CMHD
based approach to the modelling of fusion blanket thermal-hydraulics. In
particular, it addresses some of the problems associated with the flow of
electrically conducting fluids in a high magnetic field. This will enable ex-
tensive thermal-hydraulic simulations of the blanket and associated systems
to be performed, accounting for MHD e↵ects in a computationally e cient
manner that lends itself to the design process.
Novel analytical solutions have been developed to address the problem of
the electromagnetic coupling of flows between adjacent conducting walled
ducts, and for the related heat transfer problem. The resulting correlations
v
have been used in the development of a one dimensional thermal-hydraulic
systems code, MHD-SYS. The code has been coupled via TCP socket com-
munications to a CMHD solver (mhdFoam) and the resulting coupled solver
has been validated for several test cases. Studies have been performed on
simple blanket relevant geometries, comprised of a manifold and several
ducts, in order to demonstrate the potential of the coupled solver to cap-
ture MHD e↵ects such as modified velocity profiles, increased pressure drops
and flow redistribution.
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Chapter 1
Introduction
The need to develop safe, clean, reliable, sustainable energy to meet the
needs of a rapidly expanding and technologically developing global popula-
tion places demanding requirements on the production technologies chosen.
Due to its unique range of benefits, power generation from nuclear fusion
has the potential to make a significant contribution to the global energy
mix, in particular base-load supply, in the latter half of this century.
The most e cient fusion process occurs between two isotopes of hydrogen,
deuterium and tritium (the DT cycle). The DT cycle releases the most
amount of energy at the lowest ignition temperature.
D + T ! 4He+ n+ 17.6MeV (1.0.1)
To achieve thermonuclear fusion using this process on Earth, the D-T gas
mixture is heated to around 150 million  C, at which point the gas is fully
ionised and becomes a plasma. In order to sustain the fusion reaction in a
reactor, the plasma must be dense enough and confined for a long enough
period. This requirement is known as Lawson’s criterion and is essential for
realising continuous nuclear fusion.
A high plasma density ensures that a large enough fraction of the nuclei
react before their energy is lost. Confinement ensures that the nuclei in
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the plasma do not collide with the walls of the reactor (imparting heat and
thus cooling the plasma down, an unwanted e↵ect). There are two methods
of confinement, magnetic and inertial. These lead to two distinct types of
fusion reactor technology, namely Magnetic Confinement Fusion (MCF) and
Inertial Confinement Fusion (ICF).
Deuterium is readily available from seawater. Due to a relatively short
half-life of 12.3 years, tritium is very rare in nature: In fact the steady
state global inventory is estimated at 2.65 kg. For this reason, in order to
produce enough tritium to ensure fusion power is commercially viable, it
is necessary to breed tritium in a nuclear fusion reactor. This is achieved
primarily using lithium, an abundant metal, via the following reaction:
6Li+ n! 4He+ T + 4.8MeV (1.0.2)
Lithium-6 makes up 7.5% of natural lithium [1]. Although it is a sizeable
amount, it is the limiting resource in a DT-cycle. With fast neutrons, tri-
tium can be bred from the more abundant Lithium-7.
7Li+ n! 4He+ T + n0   2.5MeV (1.0.3)
The tritium breeding reactions are achieved via the interaction of the
fusion neutrons with lithium containing compounds contained in a blanket
component surrounding the fusion reactor vessel. The blanket performs
several other functions, perhaps most importantly acting as the reactor
cooling system.
2
1.1 The fusion blanket component
The development of e cient blankets is crucial to the realisation of com-
mercially viable fusion power plants. The blanket component of a reactor
performs several functions: It is the cooling system which extracts heat from
the surrounding structure, generating steam for electricity production. It
provides a degree of radiation shielding for the surrounding structures (mag-
nets, vacuum vessel). Crucially however, the breeding blanket is the com-
ponent in which tritium is bred, via reactions with lithium as described
above, in order to provide fuel for the fusion reaction. It is this task which
makes successful blanket development the key to the success of fusion as a
sustainable energy source.
Blanket modules 
Toroidal 
magnetic field 
coils 
Figure 1.1: Schematic of ITER tokamak fusion reactor showing location of
breeding blanket modules and magnetic coils.
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A range of severe demands are placed upon the blanket component, aris-
ing from the fusion environment. Thermal-hydraulic loads, neutronics and
structural stresses all interact. Such multiphysics needs to be considered
when designing an appropriate blanket structure and the successful repre-
sentation of such phenomena, in particular thermal-hydraulics, in an e -
cient design tool has motivated this study. The blanket is a common com-
ponent for both MCF and ICF reactors. However, due to the historical bias
towards blanket development for MCF reactors, in particular ITER (shown
in Fig. 1.1) and DEMO, it is this application which is focussed on here.
Numerous designs have been put forward by various international re-
search groups as providing solutions to the requirements outlined above.
It is therefore useful to divide the blanket types into categories and one
method of achieving this is to base the concept upon the type of breeder
employed, either solid or liquid. Each category has its own particular chal-
lenges in terms of the thermal-hydraulics, but in the case of liquid breeder
blankets these are particularly severe, for reasons that will be discussed in
the following sections.
1.2 Modelling methodologies and issues for
blankets
Thermal-hydraulics is arguably the key consideration when designing fusion
blankets, on which structural design, materials properties and ultimately
manufacturability all rely. The thermal-hydraulics of the blanket ultimately
dictates the e ciency of the fusion power plant and vice-versa. Depending
on the configuration of the design in question, the performance of the coolant
and/or the tritium breeding medium are to be considered.
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A number of modelling tools are available for thermal-hydraulic analysis
and design, the virtues and limitations of which will be discussed in more
detail in the following chapters. These tools can be broadly divided into
two categories, namely systems codes and CFD (Computational Fluid Dy-
namics) solvers. Systems codes employ simplified one dimensional models of
fluid systems, and use correlations, or empirical closure relations for quanti-
ties such as pressure drop and heat transfer coe cients to accurately model
extensive fluid networks. Because of their 1D nature, systems codes have
very fast run times when compared to more detailed 3D codes which makes
them attractive from a design and analysis standpoint.
CFD solvers fully model the fluid continuity and conservation equations
in three dimensions. They achieve this by using various numerical discreti-
sation techniques applied over a computational grid or ’mesh’. Such codes
can capture much more detail, in terms of the fluid flow and temperature
distributions, than can be obtained from a 1D systems code model. This is
at increased computational expense and as such, the use of such codes for
the modelling of large systems is avoided. This makes CFD solvers some-
what impractical for design purposes, particularly for parametric and design
trade-o↵ studies where the model properties and geometry may need to be
adjusted several times.
In order to overcome these restrictions, e↵orts have been made to couple
systems codes to CFD solvers. By using this methodology portions of a
plant such as a reactor cooling system, that are amenable to 1D analysis, for
instance long pipes and ducts, can be modelled successfully with a systems
code, with the computationally expensive 3D code limited only to those
components for which a 1D analysis is impossible or inadequate. Code
coupling has been applied to nuclear fission reactor analysis and to non-
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nuclear applications such as automotive and ventilation system design, but
its use in the fusion field and in particular blanket simulation is considered
to be novel.
For advanced blanket designs for MCF reactors using liquid metals for
the coolant, breeder, or both, the e↵ect of the reactor’s magnetic field needs
to be considered in any thermal-hydraulic models. The magnetohydrody-
namic (MHD) e↵ects that occur can have a profound influence on the flow
performance, velocity profiles and subsequent heat transfer to and from the
coolant. These e↵ects depend on the electrical properties of the ducts used
to transport fluid around the blanket. Current systems codes attempt to
capture the e↵ects of MHD on the fluid pressure drop in isolated chan-
nels, but cannot account for phenomena such as multi-channel flow cou-
pling e↵ects. The heat transfer correlations used are often not reflective
of the thermal-hydraulic regime encountered, particularly for MHD flows.
CFD solvers for MHD applications are referred to as CMHD (Computa-
tional Magnetohydrodynamics) codes. CMHD codes su↵er from the same
computational restrictions as standard CFD codes in terms of being com-
putationally expensive, but these restrictions are exacerbated by the need
to resolve the extremely thin boundary layers encountered in MHD flows
which contribute greatly to pressure drop and heat transfer.
1.3 Research hypothesis & objectives
A code coupling modelling approach for blanket analysis and design is pro-
posed, which at its core relies upon a systems code for the simulation of the
blanket thermal-hydraulics. A systems level approach, treating the blanket
as a ’plant’, provides a basis for design, enabling for example, trade-o↵ stud-
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ies, technology assessments and risk analysis to be developed and evaluated
in a systematic manner. This has the potential to identify critical gaps in
current R&D programmes and enable attempts to develop new concepts
for the blanket as a whole or for one of its primary sub-systems. It should
be noted that the intention here is not to focus on the details of a specific
blanket design, but rather provide a tool that can be applied to the analysis
of current concepts and assist in the development of future designs.
As discussed, there are a number of such systems codes available, but
their capability for application to the MHD flows found in advanced blanket
designs needs further development. Where fidelity is important, a detailed
3D CMHD code could be coupled to the systems code in order to enable a
more extensive simulation.
As such, it is proposed that the research objectives for this thesis are as
follows:
• Develop a thermal-hydraulic systems code with MHD capability.
• Enhance the systems code capability by addressing the problem of
multi-channel flow coupling in adjacent ducts in MHD flow via the
development of novel analytical solutions.
• Develop novel analytical solutions to the MHD heat transfer problem
in duct flow, resulting in novel temperature distribution and Nusselt
number correlations for potential application in the systems code.
• Couple the systems code to a CMHD solver for modelling complex
components and to provide additional details of the flow where neces-
sary.
• Demonstrate the coupled solver’s capability and potential for analysis
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and design by applying it to test problems relevant to the blanket
application.
Several of the most challenging modelling issues associated with the thermal-
hydraulics of fusion blankets and the realisation of the research objectives
proposed will be introduced in the following chapters.
1.4 Outline of thesis
The thesis is arranged as follows.
Chapter 1 has introduced the thesis topic and set out the research hy-
pothesis and objectives.
Chapter 2 introduces the subject of fusion blanket technology, specifically
the thermal-hydraulic issues of advanced liquid metal coolants and the chal-
lenges associated with modelling their operation in magnetic confinement
reactor systems.
Chapter 3 details the formulation and validation of an MHD systems code,
MHD-SYS, and highlights the limitations of using this type of modelling
methodology.
Chapters 4 and 5 address the limitations discussed in Chapter 3 via the
development of analytical solutions and correlations for MHD flow and pres-
sure drop in adjacent ducts separated by conducting walls of arbitrary thick-
ness and a related heat transfer problem in MHD duct flow.
Chapter 6 introduces computational MHD from the perspective of the
OpenFOAM finite volume CFD code, assessing the capabilities of its in-
duction method mhdFoam solver and discussing alternative solvers based
on the electric potential method. This chapter then explores the concept
of code coupling, the various schemes available and the development and
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validation of a coupled MHD-SYS - mhdFoam solver via several simple test
problems.
Chapter 7 demonstrates the potential of the coupled solver developed
in Chapter 6 for fusion blanket analysis and design via the simulation of
manifolds supplying multiple ducts.
Finally, Chapter 8 draws conclusions from the work presented in this
thesis and outlines potential areas for future development.
1.5 Chapter summary
The fusion blanket component has been introduced and the technical details
of its primary functions described. Of particular importance to the e↵ective
performance of these functions is the thermal-hydraulics of the blanket sys-
tems, which needs to be accurately modelled for optimised blanket designs.
This is particularly challenging in the case of MCF reactor blankets employ-
ing a liquid metal coolant and or breeder. There are various methods for
achieving this with di↵ering computational expense. Code coupling can pro-
vide a compromise between fast but relatively low detail solutions obtained
by systems codes, and more computationally expensive but detailed solu-
tions obtained by 3D CFD or CMHD solvers. The research objectives and
hypothesis for the thesis have been declared and an outline of the structure
of the thesis chapters presented. The specific thermal-hydraulic modelling
issues for blankets will now be discussed in more detail.
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Chapter 2
Fusion blanket
thermal-hydraulics
The fusion blanket is primarily a heat transfer system, with a working
fluid extracting heat produced by direct radiative heat flux from the fu-
sion plasma and the deceleration of neutrons in the surrounding blanket
structure for use in electricity generation. Thermal-hydraulics, i.e. the abil-
ity to extract heat in su cient quantities, is perhaps the most important
feature of any blanket concept. It is the e↵ectiveness of this process, deter-
mined by the specific coolant properties and flow behaviour, which drives
the material requirements for almost every other aspect of the blanket sys-
tem [1]. Numerous design concepts have been devised for blankets but
these all comprise a number of common features, such as manifolds, com-
plex connections and ducts [2]. An example of a blanket concept is shown
in Fig. 2.1. There has been a spectrum of thought in terms of e ciency and
risk when devising blanket concepts. Short term blanket designs are based
on proven technologies such as water or helium cooling and steel structures,
providing the lowest complexity and lowest risk, but in turn the lowest ef-
ficiency. In the longer term, designs for a demonstration (DEMO) power
plant and commercial scale Fusion Power Plants (FPPs) are required to be
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as economically attractive as possible. Such reactors need to be highly e -
cient and as a result high coolant outlet temperatures are essential. These
demands can only be achieved using complex structural arrangements and
exotic coolants, such as liquid metals [2].
Figure 2.1: Cross sectional schematic of the Indian Lead Lithium Ceramic
Breeder (LLCB) DEMO blanket concept [3]
In addition to cooling the fusion reactor, the blanket is also required to
act as a tritium breeding component and as such must incorporate materials
capable of achieving this. Lithium is the primary breeding material, either
in solid (ceramic lithium compounds) or liquid (liquid lithium compounds)
form. Depending on the breeding configuration used a neutron multiplying
material, generally beryllium, is used to ’boost’ the breeding reaction [1].
Near term blanket solutions propose the use of a single coolant, tradi-
tionally water or helium, although carbon dioxide has also been studied.
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More advanced concepts use the high thermal conductivity of liquid lithium
metal compounds, combined with the materials tritium breeding capability
to form either a self-cooled or dual-cooled design. Self-cooled designs using
a single liquid metal coolant (Li, PbLi are common due to high thermal con-
ductivity) require high flow rates in the first wall region as this is where the
highest temperatures occur. For magnetic confinement reactors such as a
tokamak, this leads to complications due to magnetohydrodynamic (MHD)
e↵ects induced in the conducting fluid due to the reactor’s confining mag-
netic field. This modifies the conventional flow regime and at the flow speeds
required for su cient heat extraction leads to large pressure drops and the
modification of heat transfer, as explained in the following sections. Dual
cooled designs attempt to reduce such e↵ects by using a non-conducting
fluid such as helium to cool the first wall region where temperatures are at
their highest, leaving the liquid breeder to ’self-cool’ at low flow rates. Some
designs use structural/material modifications such as flow channel inserts
(FCIs) and insulating coatings. Alternative mitigation against MHD e↵ects
can be sought by using molten salts, such as FLiBe rather than liquid met-
als [2]; however, chemistry (corrosion) and tritium retention become issues.
All of these e↵ects require a detailed analysis of the flow conditions present
in the blanket structure.
2.1 Liquid metal flows
The most promising designs of blanket for future fusion reactors use con-
ducting fluids, in particular Li or LiPb, for the tritium breeding material,
and in some cases also as the coolant for extracting the volumetric heat
from the structure produced by the fusion neutrons and radiative thermal
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energy from the plasma. Such blankets exhibit a number of attractive fea-
tures that drive their development. From a breeding perspective, liquids
are immune to radiation damage, negating the need for replacement of the
breeding material. The compounds used also negate the requirement for a
separate neutron multiplier, such as beryllium, leading to safer, more sim-
plified designs. Tritium extraction can be performed outside of the blanket
due to circulation of the liquid. From a thermal-hydraulics stand point the
system can operate at very high temperatures whilst maintaining a low pres-
sure, increasing the e ciency of the system whilst not compromising safety
[2]. There remain some safety concerns relating to the use of lithium based
liquid metals due to the exothermic reactions with both air and water. The
intensity of these reactions is greatly reduced by decreasing the density of
lithium present, hence the use of Li17Pb83 eutectic. The presence of lead
aids neutron multiplication but also increases the corrosive properties of the
liquid [1].
In the case of magnetically confined reactors the blanket operates within
a high magnetic field, with maximum values of over 11T quoted for most
DEMO concepts [4]. This can have dramatic e↵ects on the flow of liquid
metals within the blanket as described in the following section.
2.2 Incompressible magnetohydrodynamics
Magnetohydrodynamics is the combination of the laws of fluid dynamics
and electromagnetism. When a conducting fluid flows at an angle to an
externally applied magnetic field, electric currents are induced in the fluid.
These in turn generate a Lorentz force which serves to resist the fluid’s flow
and alter its velocity profile as shown in Fig. 2.2. It has been demonstrated
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Figure 2.2: Schematic of MHD duct flow with a velocity v, in presence of
transverse magnetic field B, showing lines of induced current j
and resulting Lorentz forces FL
that the external field can have a dramatic e↵ect on the flow regime, with
higher field strengths serving to dampen turbulence within the flow, in e↵ect
causing laminarisation [5]. These processes can have marked e↵ects on
quantities such as pressure loss, increasing the demands on pumping power
and potentially leading to stagnation e↵ects and even flow reversal. If the
magnetic field is strong, as is the case in proposed fusion reactor designs,
the pressure drop due to MHD can be orders of magnitude higher than that
caused by ordinary viscous hydrodynamic e↵ects [6]. MHD phenomena
also cause e↵ects such as the thinning of boundary layers and reduction in
turbulence which can influence the e cacy of the heat transfer processes
that are central to the blanket’s functions [7]. It should be noted that the
consideration of turbulence e↵ects is outside the scope of this study and
all subsequent discussions will assume laminar flow unless explicitly stated
otherwise.
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2.2.1 Governing equations of MHD
MHD flows can be described using the equations of classical fluid dynamics,
namely the mass continuity (2.2.1), Navier-Stokes momentum (2.2.2) and
energy equations (2.2.3), modified to include magnetic e↵ects.
r · u = 0 (2.2.1)
⇢
✓
@u
@t
+ (u ·r)u
◆
=  rp+ µr2u+ j⇥B+ ⇢cE (2.2.2)
⇢Cp
✓
@T
@t
+ (u ·r)T
◆
= kr2T + j
2
 
(2.2.3)
Here u is the fluid velocity, ⇢ the density, p the pressure, µ the dy-
namic viscosity, j the current density, B is the magnetic field strength
(strictly magnetic induction), ⇢c the charge density and E is the electric
field. The Navier-Stokes equation includes extra source terms to account
for the Lorentz force, j⇥B, and the force due to electric charge, ⇢cE. The
energy equation includes a term to account for Joule heating, j
2
  , where  
is electrical conductivity of the fluid.
Closure equations for these relations are provided by the equations of
electromagnetism, as formulated by Maxwell. When simplified for the case
of incompressible MHD flows, as can be assumed for the liquid metal flows
found in the blanket application, these can be written as
r ·E = ⇢c
"0
(2.2.4)
r ·B = 0 (2.2.5)
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r⇥E =  @B
@t
(2.2.6)
r⇥B = µ0j (2.2.7)
.
Here, "0 and µ0 are the magnetic permittivity and permeability of free
space respectively.
A further useful relation is Ohm’s law which states that the current
density j is proportional to the force exerted on a free charged particle.
For the case where the conductor, i.e. the fluid, has a velocity u in a
magnetic field B
j =  (E+ u⇥B). (2.2.8)
As the concern in this application is bulk forces acting on the conducting
medium, the force per unit volume is
F = ⇢eE+ j⇥B. (2.2.9)
In the case of liquid metal flows in engineering applications, the high elec-
trical conductance of the fluid and the small flow velocities involved, in
relation to that of light, cause the magnetic force to dominate the Coulomb
force, resulting in an overall Lorentz force on the fluid of
FL = j⇥B. (2.2.10)
In addition, several non-dimensional parameters are used to describe MHD
flows, the most important being the Reynolds number (ratio of inertial to
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viscous forces)
Re =
⇢uL
µ
(2.2.11)
and the Hartmann number (ratio of electromagnetic to viscous forces)
Ha = BL
r
 
µ
. (2.2.12)
Two further useful relations are the Stuart number, otherwise known as the
interaction parameter (ratio of electromagnetic to inertial forces)
N =
Ha2
Re
(2.2.13)
and the magnetic Reynolds number (ratio of advection and di↵usion of
magnetic field).
Rem = µm uL. (2.2.14)
2.3 Analytical solutions for MHD duct flow
Exact solutions provide important insight into the physics of MHD flows
and are important for benchmarking and validation of numerical codes.
Solutions of particular interest to the blanket application, as well as their
limitations, are presented here. Further details of the use of analytical
solutions for pressure drop and heat transfer correlations will be discussed
in Chapters 4 and 5.
2.3.1 MHD flow in rectangular ducts
Solutions for the flow in rectangular ducts are particularly applicable to
the fusion blanket application given the geometries involved. These solu-
tions have developed from Hartmann’s studies [8] of the steady state flow
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between two infinite, rigid, parallel plates subject to an applied uniform
transverse magnetic field, aligned normal to the walls, as shown schemati-
cally in Fig. 2.3. Hartmann’s theoretical and experimental studies iden-
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Figure 2.3: Hartmann flow between parallel plates
tified key aspects of MHD duct flow, in particular the form of the viscous
boundary layers adjacent to the walls perpendicular to the magnetic field
direction, later deemed the Hartmann layers and Hartmann walls. The
induced current generates Lorentz forces opposing the core flow, tending
to flatten the core velocity profile. If the walls are insulating the current
density becomes positive near the walls. This causes Lorentz forces which
accelerate the flow in the Hartmann layers. The Hartmann layers have a
thickness  Ha = O(Ha 1). This process occurs until the Lorentz forces bal-
ance the pressure gradient and viscous drag. It is therefore demonstrated
that the boundary layer flow controls the core flow due to the generation of
electric currents. As the Hartmann number tends towards zero, implying
the reducing influence of electromagnetic forces, the flow profile tends to
that for a pure hydrodynamic Poiseuille flow as viscous forces dominate the
flow.
For fully developed flow in a single rectangular duct, a number of ana-
lytical solutions exist, for the cases depicted schematically in Fig. 2.4 [6].
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These all assume axial, laminar flow and neglect the e↵ects of finite length,
thermal convection and instabilities of the side-wall jets. Shercli↵ extended
B 
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Figure 2.4: Current distributions in various rectangular MHD duct flow
arrangements. a) Ufland/Chang & Lundgren, b) Shercli↵, c)
Hunt.
Hartmann’s solution to 2D flow in rectangular ducts with all walls fully in-
sulating. The current distribution for this case is shown in Fig. 2.4 b). He
demonstrated the existence of a second boundary layer (denoted the side,
parallel or Shercli↵ layer) on the walls parallel to the magnetic field, with a
thickness is in the order of  S = O(Ha 0.5) [9].
Chang & Lundgren [10] building on the work of Ufland [11], obtained the
exact solutions for 2D flow where all the duct walls are perfectly conducting
as shown in Fig. 2.4 a). Hunt [12] subsequently generalized the models
to account for a combination of perfectly conducting Hartmann walls and
perfectly insulating side walls. The current distribution in this case is shown
in Fig. 2.4 c).
In all of these cases it is assumed that the wall is thin in comparison to
the duct width. Recent work in this area has extended these ideas to thick-
walled ducts [13, 14] and developed exact solutions to such cases. These are
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built upon in Chapter 4.
2.3.2 MHD e↵ects in adjacent conducting channels
Where the coolant pathway consists of arrays of parallel ducts, conducting
walls can lead to electromagnetic coupling between ducts. This occurs as a
result of leakage currents passing through the common walls influencing the
hydrodynamic behaviour in adjoining ducts and, as a consequence, modify-
ing the heat transfer between wall and fluid. This was first identified as an
issue by Madarame [15]. Variations on the problem have been analysed nu-
merically and by singular perturbation theory. As yet however, no analytical
solution exists for this behaviour. Analytical solutions play an important
role in the validation of computational codes and can give significant insight
into the underlying physics, as well as providing approximate parameters
for 1D thermal-hydraulic systems codes. As such, this phenomenon will be
considered in more detail in Chapter 4.
2.3.3 Heat transfer in MHD duct flows
Despite the existence of analytical solutions for the MHD flow problem in
ducts, there has been as yet, no corresponding solution to the heat trans-
fer problem for the Shercli↵, Hunt and Ufland cases. Such solutions exist
for flow between parallel plates and flows in circular channels [16, 17], and
for 1D heat transfer [18]. Numerous experimental and numerical compu-
tations of heat transfer for Shercli↵ and related cases have been performed
[19, 20, 21, 22, 23, 24]. It should be noted that even though these numer-
ical solutions and experimental data exist, analytical solutions would also
play an important role in the validation of numerical codes and provide
useful correlations for 1D systems codes. Such solutions are developed in
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Chapter 5.
2.4 Numerical MHD formulations
For the numerical solution of MHD problems, as performed by CMHD
solvers, two approaches are generally used to determine the current density
in the MHD equations. The first approach solves the magnetic induction
equation, whilst the second solves an electric potential equation.
2.4.1 Induction equation formulation
From the Maxwell-Faraday equation and Maxwell’s laws, one can derive a
transport equation for the magnetic field, namely the induction equation.
@B
@t
= (u ·r)B = 1
Rem
r2B+ (B ·r)u (2.4.1)
Here B is the sum of the applied magnetic field B0 and the induced compo-
nent b, with conservation a necessary condition: r ·B = 0. The extended
momentum equation is fully coupled with the induction equation. This
coupling is highly non-linear and can prove di cult to solve numerically.
2.4.2 Electric potential formulation
Unlike plasmas or astrophysical flows, incompressible liquid metal flows
for engineering applications have very small magnetic Reynolds numbers
(Rem⌧ 1). As such, the 1Rem term is many orders of magnitude larger in
such cases simplifying into:
B0 + b ⇡ B0 (2.4.2)
22
The induced component is assumed negligibly small, e↵ectively decoupling
the magnetic field to the velocity field. Applying a conservation of charge
condition (r · j = 0) and recalling Ohm’s law, one can thus derive a Poisson
equation for the electric potential field, noting E =  r .
r2  = r · (u⇥B) (2.4.3)
Therefore, only the j remains a↵ected by the velocity, reducing the non-
linearity of the MHD coupling, potentially improving numerical stability.
2.4.3 MHD boundary conditions
In general for MHD duct flows it is considered that the hydrodynamic no-
slip boundary condition applies at the duct wall, and therefore the following
condition applies.
u = 0 (2.4.4)
Electromagnetic boundary conditions also need to be specified. These are
dependent on the conductivity of the wall material. For perfectly insulating
walls, the induced current in the fluid cannot pass in to the wall material
and the normal component of current density at the wall is
j · n = 0. (2.4.5)
Lines of constant induced magnetic field are current streamlines. In the
perfectly insulating case, the surface of the wall can be thought of as a
current streamline, or indeed a line of constant induced magnetic field (b).
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As such, a Dirichlet type wall boundary condition exists of
b = 0. (2.4.6)
If the duct walls are conducting, induced currents from the fluid can flow
into the wall materials. In the case of an infinitely conducting wall, it can
be shown that the following Neumann type wall boundary condition exists
[6]
@b
@n
= 0. (2.4.7)
2.5 Modelling & simulation tools for blanket
thermal-hydraulics
Computational analysis techniques for analysing thermal-hydraulic phenom-
ena and the behaviour of reactor systems have traditionally been split into
the methods of systems codes and computational fluid dynamics (CFD).
The aim of this study is to exploit the advantages of each through a single
analysis tool.
2.5.1 Systems codes
Systems codes exchange the detailed 3-D analyses of CFD (see next section)
for a simplified component level description of thermal-hydraulic processes.
Codes such as RELAP5 [25] and TRACE [26] provide flexible models of the
fluid flow processes in ducts, pipes, manifolds etc and the associated heat
transport and exchange mechanisms.
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Whilst lacking detail at smaller scales, systems codes possess an agility (in
terms of computing resource) that lends itself to the design process. Where
detail is important, these codes have been coupled with local treatments of
associated phenomenon. This coupling can enable extensive simulations of
whole systems subject to the conditions expected in service. Such studies are
now a necessary requirement for the licensing of commercial fission reactors
and it is expected that the same will be true of fusion plants.
Systems codes have been extensively validated for water as coolant, in the
context of light water reactors (LWRs), and therefore water cooled blan-
kets are certainly amenable to these tools. Of course, many other coolant
concepts are of at least equal interest (helium, lead-lithium, dual breeder-
coolant, etc). The incorporation of these materials into these systems codes
is much less well developed and only the most recent versions of the codes
are able to deal with the coolants of interest.
RELAP5 was developed for thermal-hydraulic transient simulation of
light water reactor coolant systems. However, RELAP5 is a highly generic
code that can be used for the simulation of a wide variety of hydraulic and
thermal transients in both nuclear and non-nuclear systems using a variety
of fluids [27], as stated above. It has been validated for fission reactors
and a large body of work exists on the application of the code to fusion
blankets. The RELAP5 code hydrodynamic model is a one-dimensional,
transient, non-homogeneous, non-equilibrium model for flow of a two-phase
steam-water mixture. The basic field equations consist of two-phase con-
tinuity equations, two-phase momentum equations and two-phase energy
equations.
The system model is solved numerically using a semi-implicit or nearly
implicit finite di↵erence technique. Heat-structures permit calculation of
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heat transfer across solid boundaries of hydrodynamic components. Heat
structures are assumed to be represented by one-dimensional heat conduc-
tion in rectangular, cylindrical or spherical geometry. Surface multipliers
are used to convert the unit surface of the one-dimensional calculation to
the actual surface of the heat structure. Temperature dependent thermal
conductivities and volumetric heat capacities are provided in tabular or
functional form either from built in or user supplied data. The latest vari-
ants of the code, such as RELAP5-3D [28], possess the ability to treat helium
and other coolant gases as a primary working fluid, rather than specified as
the non-condensable part of a water-gas mixture. This modern code is also
capable of simulating molten metal (including lead-lithium) and molten salt
coolants and has an in built neutronics and MHD capability. Some limited
hydrodynamic multi-dimensionality is exhibited in RELAP5-3D; however
the lack of viscous stress e↵ects and use of a free-slip wall boundary con-
dition mean that accuracy for detailed 3-D simulations is low. In terms of
hydrodynamics therefore the code can be largely thought of as RELAP5.
In addition, the code has been successfully coupled to CFD analyses.
The TRACE code was developed from the legacy TRAC and RELAP
codes and is similar in many respects to RELAP. TRACE does not have
enhancements to deal with the molten metal or molten salts flows of interest
to the fusion blanket application. There is very little evidence of use of this
code in the fusion blanket modelling literature and therefore no data to
compare results to.
MELCOR [29] is a thermal-hydraulics based accident analysis code that
models severe accidents, large break loss of coolant transients and associated
radiological consequences. It has been modified [30] and applied to a number
of fusion blanket analyses; however, the specialised nature of the code does
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not make it suitable as a core systems code for this study.
Blanket fluid network components present a variety of options in terms
of their individual and collective thermal-hydraulic analyses. Ducts in par-
ticular are amenable to simplified 1D treatments via a thermal-hydraulics
systems code, enabling the e cient, agile simulation of the blanket at a
component level. Such analysis has been demonstrated in non-MHD blan-
ket applications through the successful use of the RELAP5 systems code
in modelling key performance parameters of the European Helium Cooled
Pebble Bed (HCPB) Test Blanket Module [31].
Existing systems codes such as MARS-FR [32] and RELAP5-3D [28] use
rudimentary models for conducting coolants and have the capability to con-
sider MHD e↵ects by modifying the viscous energy loss coe cient to account
for the MHD pressure loss. It is desirable to model as much of the blanket
system as possible in this way, without compromising the accuracy of the
analysis. Unfortunately, ducts with slotted inserts, very high Hartmann
numbers (up to 104) and other related complications are currently beyond
such code’s capabilities. RELAP5-3D has been used in the fusion applica-
tion for to model the power conversion cycle of a liquid metal blanket [33].
In this study it was the blanket’s secondary cooling circuit that was consid-
ered and as such the thermal-hydraulics of the liquid metal circuit within the
blanket module were represented simply as a thermal and mass flow source.
The study shows how useful systems codes can be for the analysis of large
systems of plant. Future studies, including that presented in this thesis,
could contribute to such models by providing input data representative of
the performance of the blanket module itself.
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2.5.2 CMHD and numerical methods
CFD and numerical methods have proven a valuable tool in the analysis of
complex magnetohydrodynamic flows of liquid metal coolant/breeder. The
use of CFD solvers in particular in this application has spawned the term
computational MHD (CMHD). Whilst systems codes can capture the e↵ect
of the MHD pressure drop in coolant channels, e↵ects at smaller scales re-
quire a more detailed analysis. In complex components such as junctions
and manifolds, the flow is truly 3D and such methods are essential. How-
ever, as a result of the exorbitant run times accurate models are commonly
limited to simplified 2D geometries at relatively low Hartmann numbers
[34]. Numerical methods have been used to simulate MHD duct flows for a
number of cases, including for more complex geometries such as bends and
expansions.
Kim et al [32] performed several pressure drop simulations for steady
MHD flow in a laminar duct under a uniform field using the ANSYS-CFX
package, employing an electric potential formulation, and the MARS-FR
systems code. The codes were not coupled, each being run in stand alone
fashion for the development purposes of each constituent code. MARS-FR
employs an experimentally derived pressure drop correlation (discussed in
more detail in Chapters 3 and 4). Results from each code were compared
with experimental data for friction coe cient and pressure drop per unit
length over a Hartmann number range of 0 ⇡ 2000 (limit of Miyazaki’s
solution). It was found that the relative error between the CMHD code and
the Miyazaki solution decreased with increasing Hartmann number, down to
around 10% at the highest Hartmann value. It was found that the CMHD
code slightly over predicted the pressure drop. The explanation suggested
was that because the Miyazaki expression only considers the e↵ect of the
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Lorentz force on the pressure drop. This is done by calculating the electric
current density in the domain without considering the interaction between
hydrodynamic and electromagnetic forces, an e↵ect that the CMHD code
captures.
Bhuyan and Goswami [35] performed a series of simulations using finite
volume techniques on a collocated non-uniform grid for ducts with varying
wall conductivities in order to simulate the e↵ects of di↵erent wall coatings
on the pressure drop on a single duct. This demonstrated the decrease in
pressure drop with the decrease in wall conductivity due to insulation. The
velocity profiles and pressure drop values calculated numerically were com-
pared with the equivalent asymptotic values obtained from Hunt’s analytical
solution. It was found that the numerically calculated pressure drops were
smaller than the analytical values at high Hartmann numbers. The walls
were not considered as part of the calculation domain and hence the e↵ects
of micro cracks and magnetisation of the material were not considered.
Smolentsev et al. developed a finite volume based code to assess the im-
pact of insulating flow channel inserts on the MHD pressure drop reduction
[36].
Developments in such codes have enabled MHD simulations and calcu-
lation of MHD pressure drops to progress from simple duct flows to more
representative blanket geometries such as U-bends [37], insulating manifolds
[38] with no electromagnetic coupling considered, and conducting manifolds
[39]. Several studies have attempted calculations of the velocity profiles and
pressure drops in full blanket module circuits [40]. The ability to capture the
thermal and fluid dynamic profile in the near wall Hartmann layers is crit-
ical not only for the prediction of buoyancy e↵ects and possible stagnation,
causing hotspots, but also for minimising tritium accumulation and subse-
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quent permeation into the structure [7]. E↵orts have been made to capture
e↵ects such as for important areas of the flow network such as manifolds,
using specialist CFD codes such as HIMAG [41].
There are many examples of numerical studies of heat transfer for Sher-
cli↵ and related cases using CMHD solvers and bespoke in-house codes.
Al-Khawaja and Selmi [22] used a spectral method for the constant wall
temperature boundary condition [23] and later a central finite di↵erence
scheme solved with an iterative Gauss-Siedel method to investigate the
heat transfer in a fully insulated Shercli↵ type duct. In this later study
temperature profiles for both the constant temperature and constant heat
flux wall boundary conditions were produced, along with Nusselt number
relations with varying Hartmann number. These demonstrate the reduction
in the duct cross sectional temperature distribution with increasing Hart-
mann number, due to the corresponding flattening of the velocity profile.
This e↵ect occurs for both types of wall boundary conditions but the con-
stant heat flux case produces a more pronounced uniformity of temperature
distribution across the duct. This corresponds to a higher Nusselt number
for a given Hartmann number when compared to the constant wall temper-
ature case. This study also demonstrated the increase in Nusselt number
with increasing Hartmann number for both boundary types as a result of
the modification to the velocity profile.
Sidorenkov presents results of benchmark problems for the temperature
distribution resulting from MHD flow in a duct with a constant applied heat
flux at one wall [19]. Firstly a 3D finite di↵erence code employing a non-
uniform grid with refinement near the heated wall was used. Comparable
results were obtained with a 2D code using a modified core flow solution.
In the case of discretisation techniques such as the finite element and finite
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volume methods used extensively in CMHD solvers, the nature of the special
boundary layers encountered in MHD flows causes a significant restriction
on their use. These layers become very thin for the high Hartmann numbers
encountered in the blanket application and as such the velocity gradients
are much more severe than normal hydrodynamic flows. Full resolution of
these layers is very di cult and to obtain results of reasonable accuracy
the meshes used must be incredibly fine in the boundary layers, requiring a
correspondingly small time step. This can lead to simulation runs times that
become impractical if running such simulations as design tools, especially
if considering a full blanket system. Due to the relative computational
expense of CMHD, in that a large number of cells are required to analyse
such e↵ects, only small features of the flows considered have been assessed
using this technique to date. There remains a large amount of work to be
done in order to be done in this area to ensure MHD e↵ects are captured
fully, with thermal-hydraulics e↵ects crucial [42].
2.5.3 Code coupling
The use of systems codes and detailed analysis tools in the modelling and
simulation of fusion blankets has been discussed. It can be seen that whilst
each technique has its advantages, to enable a more extensive, but for de-
sign purposes agile, analysis of blankets, a new approach is required. The
fusion blanket is an ideal case for the application of a coupling methodol-
ogy, with a systems code modelling sections where flow e↵ects can be well
reflected by component level analysis, and CMHD o↵ering increased detail
where necessary. This approach has been used successfully in a number
of engineering applications, including the study of advanced fission reac-
tor systems [43]. As discussed in the section on CMHD, codes have been
31
coupled previously in fusion applications, in that 1D systems codes have
provided input boundary conditions to 3D models [44] and vice versa [45].
However in these instances the simulations have been performed separately,
with results passed manually from one to another.
What is desired is a simulation where this process is performed automat-
ically, with codes computationally coupled within a code framework. This
approach is well established in applications such as fission reactor analysis.
Aumiller first proved that RELAP can be successfully coupled to a CFD
code in his 2000 study of the Edward’s Pipe Blowdown problem [46]. This
addressed many of the generic issues of coupling codes such as the used of
artificial boundary conditions, ensuring time steps advance simultaneously
and that the data such as temperature, pressure etc. passed between the
codes is equivalent. Comparison of the results of CFD, RELAP5 and the
coupled simulation showed a di↵erence of less than 5%. This formed the ba-
sis for studies of more complex reactor problems. Yan’s recent study looks
at the coupling of RELAP5-3D to the FLUENT CFD code applied to both
a Pressurised Water Reactor (PWR) and Gen IV Gas Turbine Module He-
lium Reactor (GT-MHR) [43]. The validation technique of using a simple
pipe flow system, first modelled by CFD, then RELAP5-3D and finally the
coupled code shows good agreement between the three approaches and is of
use when testing coupling of models for this study.
Work on code coupling for thermal-hydraulics is still in a nascent stage,
with more recent contributions revisiting the earlier pioneering work. Li et
al. have demonstrated that the use of a simplified explicit coupling method-
ology can be credible for nuclear thermal-hydraulic problems if the time step
size is set appropriately [47]. RELAP5/MOD 3.1 and FLUENT were cou-
pled and applied to simple pipe test cases before demonstrating how such
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an explicit coupling protocol can be used to model more complex systems
such as a reactor loop. To validate the coupled code a pipe model was con-
structed consisting of three separate smaller pipes joined end to end. By
using standalone simulations for each constituent code and comparing the
calculation of pressure drop for these to the results for the coupled case, it
was shown that the coupled code performed favourably.
There have already been steps towards building a more advanced resource
such as this for fusion. The formulation of an ’Integrated Multi-physics Sim-
ulation Predictive Capability, has been studied in detail as part of the US
fusion programme [48]. Such a simulation proposes the use of a fully de-
tailed 3-D CAD geometry of a blanket as a basis for detailed modelling.
The justification for employing CAD geometry and detailed analyses is that
phenomena such as neutronic heating and MHD are strongly sensitive to
geometry. To obtain accurate results capturing detail is deemed crucial,
as any simplification would lead to error in the analysis. This approach is
highly ambitious and this is reflected in the range of institutions involved in
the work. No mention is made in the study of total run times for the inte-
grated models concerned. Given the level of detail involved it is envisaged
run times will be long, even with high performance computing resource.
This approach then would not seem to lend itself to the type of design tool
in question here, where parameters can be adjusted and separate concepts
compared e ciently. Of more interest to this project’s objectives is the
mention of hierarchical modelling, with systems codes modelling the global
system, communicating with detailed codes modelling specifics. The study
proposes the use of a ’1D - 3D CFD/thermo-fluid integrated simulation’,
using a systems code, such as RELAP or MELCOR to model the associ-
ated cooling system network (pumps, heat exchanger, etc.) coupled to a 3D
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model of the blanket module. It is this type of coupling methodology that
is to be developed through this study, as it makes the most e cient use of
computing resource.
2.6 Chapter summary
For advanced blanket designs using liquid metals for the coolant/breeder
the modelling challenges are exacerbated by the MHD e↵ects caused by the
interaction of the flowing conducting fluid with the reactor’s confining mag-
netic field. Analytical solutions exist to a number of limited duct flow cases,
that can be used for validation of computational studies and provide useful
correlations. A range of modelling tools exist and are under development,
with applicability to the fusion blanket application. Systems codes employ
simplified 1D models of the thermal-hydraulics and use empirical closure
relations. This has a computational advantage in that large systems can be
modelled and simulations obtained quickly. Existing codes have some lim-
ited MHD capabilities but examples of their application in this context are
sparse or indeed non-existent. More detailed 2D and 3D CMHD analyses
have the advantage that the details of the flow can be resolved. In order
to obtain this detail however, fine grids are required and the computational
resources required can be large. Code coupling can make the best use of
each of these types of code and its application has been demonstrated in
fission and non-nuclear applications. The development of the tools required
to realise this in a fusion blanket context will be developed in the following
chapters, starting with a systems code for blanket MHD.
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Chapter 3
Development of MHD
systems code
As discussed in Chapter 2.5, several thermal-hydraulic systems codes have
been developed for fission reactor applications and in particular PWRs. As
such they are well validated for these applications. More recent versions
of codes such as RELAP5-3D [28] include MHD pressure drop models and
Nusselt number correlations for liquid metals, although these are generally
limited in terms of the thermal boundary conditions that they apply to.
From reviewing the published literature, it is apparent that the application
of 1D systems codes to the fusion blanket application is almost exclusively
limited to modelling conventional coolants such as water, helium and carbon
dioxide. Where liquid metals have been modelled there has been no external
magnetic field considered or the simple case of a single isolated duct has
been modelled. In this respect the application of systems codes to modelling
extensive liquid metal blanket systems with MHD e↵ects considered is novel.
Unfortunately, development of existing codes for research purposes is dif-
ficult due to source code access restrictions. The sources in any case are
extremely complex, containing much capability that is specific to fission
reactor modelling and can be considered extant for the application consid-
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ered here. In order to simplify development for the MHD fusion blanket
application and ease the programming of additional capabilities required
for this research, such as novel pressure drop and heat transfer correlations
and a coupling protocol for communication with a CMHD code, a new sys-
tems code, MHD-SYS, has been developed. The following chapter details
the formulation of MHD-SYS via the discretisation of the relevant conti-
nuity and conservation equations, and demonstrates its capability through
comparison with existing detailed CMHD studies for a test blanket module
design. Importantly the limitations of the code in this current format are
highlighted.
3.1 MHD-SYS formulation - 1D systems model
The systems code is essentially a one dimensional model of the equations
of fluid dynamics and heat transfer, coded in Fortran 95. This comprises
equations governing the continuity of mass, balance of momentum and the
conservation of energy. Due to the assumed incompressibility of the coolant,
the continuity of mass and the balance of momentum can be cast as a
network problem, as in Fig 3.1. The fluid velocity in any duct is uniform
and is characterised by pressures at the ends of each duct and includes an
associated pressure drop due to frictional and electromagnetic forces. The
e↵ects of junctions is taken into account by appropriate pressure drops. In
principle these pressure drops can be specified in terms of loss coe cients,
but in this work we will e↵ectively obtain them from a CMHD calculation.
Under these assumptions, the heat transfer problem can then be de-
veloped: We will consider axial advection of internal energy by the flow
obtained above, coupled with radial heat conduction within the bound-
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Figure 3.1: Flow network
ing walls. Analogous to the momentum equations, heat transfer through
junctions can be characterised by temperature drops across junction ports
(Fig 3.2).
Again, the intent is to obtain these via the CMHD calculation. The
coupling of the heat conduction in the duct wall with the advection of
heat by the flow is achieved via the use of appropriate Nusselt number
correlations [49, 50]. In the following sections we explain the precise forms
of these equations and derive their discrete counterparts.
P,Tj 1( )
P,Tj 4( )
P,Tj 2( )
P,Tj 3( )
Figure 3.2: Junction pressure/temperatures
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3.1.1 Continuous form
Conservation laws enforcing mass continuity are applied at junctions, so for
each junction, j, j(i) is the duct number of the ith duct attached to junction
j, and Nj is the number of ducts attached to the junction.
NjX
i=1
⇢Aj(i)vj(i) = 0 (3.1.1)
Here ⇢ is the fluid density, Aj(i) is the cross sectional area of the junction port
and vj(i) is the fluid velocity through the port respectively. A port is defined
as the point at which each duct joins a junction, i.e. an inlet or outlet. Note
also that junctions have inlet/outlet pressures assigned, associated with the
outlets/inlets of the attached ducts. The behaviour of junctions is in part
captured by the pressure drops between inlets and outlets. That is, we have
a set of specified  pj(i1),j(i2). Note, these could be obtained from pressure
drop correlations, or, as we plan, from CMHD calculations, as described in
Chapter 6. Similarly, the thermal behaviour of the fluid is characterised by
the temperature di↵erences across the junctions.
Now the fluid momentum equation for each duct can be assigned. For
ducts of rectangular cross section, this can be written as
⇢L
✓
@vi
@t
+
✓
Pwf
2Ai
◆
v2i +
1
⇢
fMvi
◆
=   pi (3.1.2)
where L is the duct length, Pw the wetted perimeter, Ai the duct cross
section, vi the fluid velocity and  pi the pressure drop in duct i, f is the
Fanning friction factor (f = 14.227/Re) and fM is an additional MHD loss
coe cient, given by
fM =
✓
cw
1 + a3b + cw
◆
 B2 (3.1.3)
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where   is the fluid electrical conductivity, B is the magnetic field trans-
verse to the flow direction, a and b are the duct half-width and half-height
respectively, and
cw =
 wtw
 a
(3.1.4)
is the conductance ratio for rectangular ducts, where  w is the wall electrical
conductivity, and tw is the wall thickness [51]. This expression is obtained
from Miyazaki’s correlation whose origin will be discussed in more detail in
Chapter 4.
Energy conservation laws are applied on each duct i.
⇢cp
✓
@Ti
@t
+ vi
@Ti
@x
◆
= Qw + ⇢
Pw
2Ai
fv3i + S (3.1.5)
where cp is the coolant heat capacity, Ti the coolant temperature, x the
axial ordinate, and S is the fluid volumetric heating term. The wall heat
flux Qw (received from the wall heat structures) is given by
Qw =
htw
Ai
(Tw   Ti) (3.1.6)
where h is the wall heat transfer coe cient, and Tw the wall temperature.
Heat conduction takes place in the wall in a radial (y) direction, so
⇢wcp,w
@Tw
@t
= kw
@2Tw
@y2
+ q000 (3.1.7)
where ⇢w is the wall density, kw is the wall thermal conductivity, cp,w is the
wall heat capacity and q000 is a volumetric heat source.
We must specify boundary conditions each side of the wall heat structure.
These can be: (a) Fixed temperature: This condition can be specified on
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the wall of a heat structure that is not associated with a duct:
Tw (0 or tw) = T0 (3.1.8)
(b) Fixed heat flux: As with the type (a) condition, this can be specified on
the wall of a heat structure that is not associated with a duct:
  kw @T
w
@y
(0 or tw) = q
00 (3.1.9)
Note that a positive q00 implies heat flux into the heat structure. (c) Con-
vective: This condition arises when a heat structure is associated with a
duct, say duct i,:
  kw @T
w
@y
(0 or tw) = h (Ti   Tw (0 or tw)) (3.1.10)
where h is the heat transfer coe cient.
3.1.2 Discrete form
We first define a vector of pressures at duct ends and velocities on ducts:
p =
266664
p1
...
pNp
377775 ,v =
266664
v1
...
vNv
377775 (3.1.11)
We can then form J equations from the mass continuity equations at time
step n+ 1, giving
[Ac]v
n+1 = 0 (3.1.12)
We can then apply the junction pressure drop equations, so for each
40
junction j, we have
pj(Nj)   pj(i) =  pj(Nj),j(i), 8i < Nj (3.1.13)
Note that we would have
JX
j=1
(Nj   1) (3.1.14)
such equations. Given the J conservation law equations, this would give a
total of
JX
j=1
(Nj   1) + J =
JX
j=1
Nj = Np (3.1.15)
equations. That is, there are as many equations, so far, as there are pres-
sures. Written as a matrix equation, this gives
[Apd]p
n+1 =  p (3.1.16)
Using a standard Euler method, we can discretize and linearize the mo-
mentum equation on each duct i:
⇢L
✓
vn+1i   vni
 t
+
✓
Pw
2Ai
◆
fvni v
n+1
i + fMv
n+1
i
◆
=   pi (3.1.17)
So
⇢L
✓
1
 t
+
✓
Pw
2Ai
◆
fvni + fM
◆
vn+1i + pi(1)   pi(2) =
⇢L
 t
vni (3.1.18)
Then forming the constitutive equations for the Nv ducts, gives
[B]pn+1 + [C]vn+1 = [D]vn (3.1.19)
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In the above we have as many equations as we have velocities.
So we can write266664
0 Ac
Apd 0
B C
377775
264 pn+1
vn+1
375 =
266664
0 0
0 0
0 D
377775
264 pn
vn
375+
266664
0
 P
0
377775 (3.1.20)
Discretizing the coolant energy equations using a standard implicit Euler
method in time and an up-winded backward di↵erence in space gives, for
vi > 0
✓
cp +
cpv
n+1
i  t
 x
+ t
hwi
⇢Ai
◆
Tn+1i,j   (3.1.21)
cpv
n+1
i  t
 x
Tn+1i,j 1   t
hwi
⇢Ai
Tw,n+1j,l = cpT
n
i,j + t
Pw
2Ai
fv3i + S
and for vi < 0,
✓
cp   cpv
n+1
i  t
 x
+ t
hwi
⇢Ai
◆
Tn+1i,j + (3.1.22)
cpv
n+1
i  t
 x
Tn+1i,j+1   t
hwi
⇢Ai
Tw,n+1j,l = cpT
n
i,j + t
Pw
2Ai
fv3i + S
The final terms on the LHS of equations (3.1.21) and (3.1.22) only arise
should there be wall heat structures associated with duct i. Indeed, there
will be one such term for each wall associated with the duct and l takes the
value 1 or Nr depending on the orientation. Equations 3.1.21 and 3.1.22
can be written in matrix form as

Ec Ew
 264 Tn+1c
Tw,n+1
375 =  cpTnc + t Pw2Ai fv3
 
(3.1.23)
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Note that these equations only apply to down-wind nodes on ducts, so, for
instance, they do not apply when j = 1 for vn+1i > 0 and when j = Na for
vn+1i < 0, where Na is the number of axial nodes on the duct.
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xDu
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Figure 3.3: Energy equation discretization
For such nodes (j = 1 or j = Na, appropriately) we either enforce junction
temperature drop equations, so for each junction k = 1, · · · , J ,
Tk(Nj)   Tk(l) =  Tk(Nj),k(l), 8l < Nj (3.1.24)
Written as a matrix equation, this gives
[Etd]T
n+1
c =  T (3.1.25)
and, if no junction is attached to the node (ie. it is an inlet) then we set
Tn+1i,1 = Tin or T
n+1
Na,1
= Tin (3.1.26)
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as appropriate. Again, in matrix form this can be written
[Ein]T
n+1
c = Tin (3.1.27)
The heat conduction equation in the wall is discretized using Nr nodes.
For internal wall nodes we use a standard central di↵erencing scheme:
Tw,n+1j,l   Tw.nj,l
 t
=
kw
⇢wcp,w
Tw,n+1j,l 1   2Tw,n+1j,l + Tw,n+1j,l+1
 y2
+
q000
⇢wcp,w
(3.1.28)
Rearranging gives
✓
1 +
2 t
 y2
kw
⇢wcp,w
◆
Tw,n+1j,l    t y2 kw⇢wcp,w
⇣
Tw,n+1j,l 1 + T
w,n+1
j,l+1
⌘
=
Tw,nj,l +
 tq000
⇢wcp,w
(3.1.29)
The boundary conditions must also be discretized: For a fixed temperature
condition (type(a)), it is trivial:
Tw,n+1j,0 = T0 or T
w,n+1
j,Nr
= T0 (3.1.30)
For a fixed heat flux (type (b)), on a left facing wall, for example:
  kw
 y
⇣
Tw,n+1j,l+1   Tw,n+1j,l
⌘
= q00 (3.1.31)
Discretized forms of the convective boundary condition (type(c)) are, (again
for a left facing wall node associated with duct i):
✓
kw
 y
+ h
◆
Tw,n+1j,l  
kw
 y
Tw,n+1j,l+1   hTn+1i,j = 0 (3.1.32)
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Combining these equations and writing in matrix form gives
2666666666666664
A 0
B C
0 E1
0 E2
D3 E3
0 F
3777777777777775
264 Tn+1c
Tw,n+1
375 =
2666666666666664
 T
cpTnc + tFWFv
2 + S
T0
q00
0
Tw,n + t q
000
⇢wcp,w
3777777777777775
(3.1.33)
The matrix equations are solved using a Gaussian elimination method.
Whilst this may not be the most e cient numerical scheme for use in the
long term, it is adequate for the purposes described here. The equations
are solved at each time step. Note that at each time step the momentum
equations (3.1.20) can be solved first, providing the flow velocities in the
ducts which are subsequently used in the solution of the energy equations
(3.1.33).
3.2 Systems code validation
In order to check that the code has successfully implemented the fluid equa-
tions, including modification to the pressure drop as a result of the Lorentz
force, simple duct models were made with lithium as the fluid. These re-
flected the square and rectangular ducts used in Miyazaki’s experimental
work [51]. Each duct was divided into 5 nodes of 0.2m length, giving a total
duct length of 1m. An external, transverse magnetic field was applied in
the range of 0 - 1.4T, and the inlet velocity was varied between 0.5 - 4m/s.
Fig. 3.4 shows the results of the simulations with MHD-SYS plotted with
Miyazaki’s theoretical prediction of pressure loss. As is to be expected, the
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Figure 3.4: MHD-SYS pressure drop implementation check against
Miyazaki experiments - Li flow under transverse magnetic field.
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code’s results show excellent agreement with predicted losses within 1% of
the theoretical prediction.
There is a lack of experimental benchmarking data for full blanket systems
which will only be addressed with the operation of the ITER Test Blanket
Modules (TBMs). Therefore, to validate the code against a realistic blanket
geometry and with reactor conditions, the breeding zone of the Indian Lead
Lithium Ceramic Breeder (LLCB) TBM design was modelled [3]. Results
from this simulation are compared against detailed 2D steady state CMHD
analyses of the LLCB breeding zone, including wall and fluid temperature
profiles, performed by [40, 52], and Patel [53].
Benchmarking the systems code against this analysis checks whether the
full set of equations for fluid and structure have been implemented suc-
cessfully. A schematic of the MHD-SYS model is shown in Fig. 3.5. The
pressure drop along each channel as calculated by MHD-SYS is shown in
Fig. 3.6.
This corresponds to a calculated pressure drop of 13.65kPa which is 12%
smaller than that quoted by Goswami [40] for the insulation free case (no
insulating coatings or inserts). This error is likely to arise from the fact that
the systems code currently uses a simplified junction model, and therefore
cannot account for losses in the U-shaped junctions between adjacent chan-
nels. This error between the 1D and 2D solutions is predicted and deemed
acceptable.
Heat structures were assigned to adjacent ducts to simulate the walls and
ceramic breeding zones of the blanket. A greatly simplified model was used,
assuming a rectangular slab to which the total neutronic heating loads of the
ceramic breeder and wall materials were applied. The thickness was assumed
as that of the RAFMS structure. An adiabatic boundary condition was
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Figure 3.5: LLCB MHD-SYS model schematic. CB1-5 represent the heat
structures due to the ceramic breeding zones. Triangles repre-
sent the junctions between ducts; blue lines show the flow path
of LiPb.
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Figure 3.6: Pressure drop along consecutive breeder channels in LLCB as
calculated by MHD-SYS.
assumed at the first wall and the contribution of the end caps was ignored.
The fluid temperature profile along each channel as calculated by MHD-
SYS is shown in Fig. 3.7. The temperature at the outlet of the breeding
zone is calculated as 434.70 C which is accurate to approximately 4% of the
value of 453.34 C read from the CMHD contour plot in Chaudhuri [52]. The
wall surface temperature profile along the final two channels of the breeding
zone was also calculated by MHD-SYS. The temperature at the outlet of
the penultimate channel is calculated as 459.6 C which is approximately
3% of the value of 450 C read from the CMHD contour plot calculated
by Chaudhuri [52], and that for the final channel of the breeding zone as
calculated by MHD-SYS is 455.8 C, which is within approximately 1% of
the CMHD value of 457.35 C.
It can be concluded from the above validation exercise, that MHD-SYS
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Figure 3.7: MHD-SYS LLCB model fluid temperature profile in consecutive
breeding zone channels.
can calculate fluid pressure drop and temperature profile, and wall tem-
perature profile with relative accuracy when compared to a detailed CMHD
analysis. The geometry considered, i.e that of the LLCB breeding zone chan-
nels is straightforward, neglecting the U-shaped junction between channels.
This demonstrates that a 1D systems code treatment can be successfully
applied to areas of a blanket geometry that are conducive to 1D analysis,
i.e. long, straight channels. To give a more accurate solution it would be
advisable to model the junctions via a 3D CMHD analysis. Certainly for
more complex components such as U-bends and manifolds where mixing is
likely to be important, a CMHD model is essential.
3.3 Limitations
Using the formulation that has been described and employing standard
correlations for MHD pressure drop and Nusselt number, MHD-SYS has
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been demonstrated to be e↵ective in simulating 1D MHD flow in systems
of ducts. Thus its capability is similar to that of existing systems codes
such as RELAP5-3D and MARS-FR. What has not been considered so far
is the e↵ect on the pressure drop of the additional flow coupling e↵ect that
occurs when conducting ducts are arranged adjacent to one another. This
configuration is a common feature of current blanket designs and is likely
to remain so. As such the resultant modifications to the flow described in
Chapter 2.3.2 need to be accounted for via a new correlation.
3.4 Chapter summary
A 1D thermal-hydraulic systems code has been developed with MHD capa-
bilities. MHD-SYS is able to compute MHD pressure drops in duct systems
using an experimentally derived correlation. It can also compute the trans-
port of heat in the fluid and the surrounding heat structures, used to model
the walls of the ducts. The systems code has been benchmarked using data
from a detailed 2D CMHD study of an existing blanket concept and performs
well for the computation of pressure drop, fluid and wall temperatures. As
the geometry of the junctions between channels is not fully considered due
to the 1D nature of the code, there is a slight error in the pressure drop
calculation when compared to the more detailed analysis. This type of error
could be overcome by coupling the systems code to a CMHD solver. In addi-
tion it is noted that MHD-SYS cannot simulate flow in adjacent ducts that
are electromagnetically coupled. The development of a novel correlation to
address this limitation will be detailed in Chapter 4.
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Chapter 4
Development of a novel
pressure drop correlation for
MHD duct flows
As discussed in preceding chapters, the flow of liquid metal in a fusion
blanket is subject to strong applied magnetic fields and the coupling between
the flow field and the magnetic field can have significant a↵ects on the flow
itself, with concomitant a↵ects on flow profiles, pressure drop and heat
transfer [54, 6]. In order to e↵ectively design blankets that contribute to
high cycle e ciencies it is essential that such e↵ects are can be predicted
and their influence captured by computer codes.
For both heat and mass transfer applications, conducting fluids may be
driven through arrangements of ducts and it is important to fully understand
the properties of such flows, as they di↵er markedly from their non-MHD
counterparts. However, MHD presents challenges in all of these areas, over
and above that of conventional fluid dynamics: Experimental studies [55, 56]
are di cult due to the opaque nature of most conducting fluids and molten
metals, and the environment is extremely harsh, which presents issues in
regard to instrumentation. Computational MHD (CMHD) must include
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additional equations for the electromagnetic field; the fields outside of the
fluid region (fringing fields) have significant a↵ects and must be modelled
appropriately; strong magnetic fields can cause turbulence suppression, a
breakdown in assumptions of isotropy, the generation of wall and free shear
layers and the boundary layer behaviour can be particularly di cult to
resolve at Hartmann walls. Due to the challenges inherent in CMHD and
the relative paucity of experimental results, there is considerable need for
analytical solutions, not least for the purposes of validation [13].
This chapter reviews the current methods used to quantify MHD pressure
drop, both for single and multiple electromagnetically coupled ducts and
highlights their limitations. A novel analytical solution is developed for
the MHD flow of a conducting fluid in adjacent electromagnetically coupled
ducts with arbitrary thickness walls. The resulting pressure drop correlation
can be applied in a systems code such as MHD-SYS and can also be used
to validate experimental results and numerical codes.
4.1 MHD pressure drop correlations for single
ducts
MHD flow in single ducts has been studied quite extensively, with resulting
pressure drop correlations obtained by experimental and analytical methods
detailed below.
4.1.1 Experimental correlations
Fundamental experimental studies on simple isolated ducts, bends etc. gain
insight into the physical phenomena that occur in MHD flows.
A theoretical expression can be derived (see for example [6]) that describes
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the MHD pressure drop in a single duct. The coe cient Kp relates to the
influence of the geometry of the duct on the flow and is determined from
experiments.
dp
dz
= Kp✓fUB
2 (4.1.1)
Employing such an empirical correlation is perhaps the easiest way of
accounting for MHD pressure drop in a code. A number of experimentally
obtained relations exist, following studies of the flow of liquid metals in
single ducts and circular pipes. Walker [57] was the first to determine an
analytical relation for Kp as
Kp =
cw(b/a)
(1 + a/3b)
(4.1.2)
where
cw =  wtw/ fa. (4.1.3)
Miyazaki [51] later performed a series of experiments to study the e↵ects
of a transverse magnetic field on the flow of liquid lithium and sodium
potassium in circular, and rectangular ducts of varying aspect ratio. It was
found that Walker’s relationship did not agree with Miyazaki’s experimental
observations, who modified the relationship to give
Kp =
cw
(1 + a/3b+ cw)
(4.1.4)
The resulting correlation has already been used in systems codes [28, 32]
and incorporated into MHD-SYS as described in Chapter 3.
Miyazaki’s experiments covered the range of magnetic fields strengths
B = 0.2   1.5T (Ha = 200   2100), inlet velocities of U = 0.2   4.0ms 1,
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(Re = 500   38000) and conductivity ratios (for the lithium tests) in the
region cw = 0.05   0.09. Ducts with aspect ratios of 1 and 2.41 were con-
sidered. Although these tests provide useful insight into the behaviour of
liquid metal MHD flows, the resulting correlations can only be considered
applicable, with accuracy, for these limited parameter ranges.
Integrated experiments look at more relevant prototypical geometries, on
the scale of blanket systems [58]. Particular restrictions on current experi-
mental test rigs due to, in particular, the limited field strengths of available
magnets, prevent the strong MHD e↵ects predicted in operational blankets
from being studied. Several experimental facilities such as MEKKA [59] are
operating, under commission or planned globally, that can provide impor-
tant design data such as pressure drop correlations. As yet no facility exists
that is capable of studying full reactor like operating conditions, potentially
limiting the applicability of existing correlations. Numerical methods [60]
and analytical solutions can provide such capability, supporting the design
of future rigs and of course full scale reactors.
4.1.2 Analytical correlations
For fully developed flow in a rectangular duct, relatively few analytical
solutions exist. These have been developed for limited cases by [9] and [12]
and Ufland, Chang and Lundgren [11, 10] . All assume axial, laminar flow
and neglect the e↵ects of finite length, thermal convection and instabilities
of the side-wall jets. These solutions also assume either fully insulating or
fully conducting walls, or a combination of these. For ducts with walls of
arbitrary conductivity numerical solutions have to be used as discussed in
the previous section.
Shercli↵ developed an analytical solution for the case of the steady flow
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of a rectangular duct with fully insulating walls under a uniform transverse
magnetic field [9]. This was developed directly from Hartmann’s solution of
an MHD flow bounded by 2 parallel plates, considering the case where the
flow is also bounded by 2 sets of parallel plates, thus forming a rectangular
duct. Shercli↵’s velocity and corresponding magnetic field solution for flow
in a unit half width duct, as developed by Mu¨hler and Bu¨hler [6] can be
expressed as (assuming axial plane of duct is z-direction)
Ush (x, y) =
1X
n=1
Un (x) cos ny (4.1.5)
Bsh (x, y) =
1X
n=1
Bn (x) cos ny (4.1.6)
Un (x) =
kn
 2n
✓
1  sinh pn2 cosh pn1x  sinh pn1 cosh pn2x
sinh (pn2   pn1)
◆
(4.1.7)
Bn (x) =
kn
 2n
✓
sinh pn1 sinh pn2x  sinh pn2 sinh pn1x
sinh (pn2   pn1)
◆
(4.1.8)
pn1 =   
p
 2 +  2n (4.1.9)
pn2 =  +
p
 2 +  2n (4.1.10)
 n =
✓
n  1
2
◆
⇡ (4.1.11)
  =
Ha
2
(4.1.12)
kn = 2
sin n
 n
(4.1.13)
As described in Chapter 2 the insulating nature of the walls means that
the induced eddy currents induced closed loops within the fluid. This leads
to very thin boundary layers along the walls parallel to the applied field
direction, with a core across the middle of the duct of uniform flow. In
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addition to determining the resulting velocity profile, Shercli↵ also went
further, deriving an expression for the mean velocity in a duct from the
boundary layer solutions by ignoring the corner regions and assuming that
the boundary layer runs the entire length of a wall. Integrating over the
duct cross section determines the mean velocity and the flow rate which
can be used to calculate the pressure gradient down a duct of given length.
Shercli↵’s solution compared favourably against limited experimental data
available at the time for low values of Hartmann number.
Hunt considered the same arrangement as Shercli↵ but for ducts with
conducting Hartmann walls in two configurations - perfectly conducting
Hartmann walls and thin side walls of arbitrary conductivity, and perfectly
insulating side walls with thin Hartmann walls of arbitrary conductivity
[12]. These are referred to as the Hunt I and Hunt II problems respec-
tively. By exploiting the fact that the infinite series that he derived dis-
play increased convergence at higher Hartmann numbers, Hunt developed
asymptotic solutions for the flow and field profiles. Hunt showed that for
the case of conducting Hartmann walls the velocity for modest to high Hart-
mann numbers assumes an ’M’ shaped profile, with so called side layer jets
present where the Lorentz forces have little e↵ect on suppressing the flow.
The Hunt type II case is generally considered the more practically relevant
arrangement. Hunt’s solution can be found using the same approach as is
used in Shercli↵’s case, applying a more general boundary condition at the
conducting Hartmann walls which leads to an expression that depends on
the conductivity of the walls.
Uflyand, and Chang and Lundgren’s solutions followed the same technique
as Hunt used later but for perfectly conducting Hartmann and sides walls.
These returned similar results due to the e↵ect of the conductance of the
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side walls being relatively small due to the orientation of the Lorentz force
in this region.
When all the above cases are compared, it can be seen that the pressure
drop is considerably higher for the cases with conducting walls, in particular
conducting Hartmann walls [6]. This result demonstrates how urgent the
requirement to quantify the pressure drop in the practical example of con-
ducting channels is and drives the development of insulating coatings/inserts
for blanket channels.
A number of variations on these treatments have followed [61, 62, 63, 6].
In all of these cases it is assumed that the wall is thin in comparison to
the duct width. Recent work in this area has extended these ideas to thick-
walled ducts [13, 14].
4.2 Multiple adjacent ducts
At this stage the MHD behaviour of the flow in a single channel has been
discussed. A related problem arises where the coolant pathway consists of
arrays of parallel ducts separated by a common wall, a common arrangement
in fusion blanket design. If the wall is electrically conducting, the eddy
currents induced in the fluid can leak from the fluid in a duct, passing into
and through the dividing wall and into the adjacent duct. This results
in electromagnetic coupling between ducts, influencing the hydrodynamic
behaviour and resulting in modified pressure drops when compared to a
single electrically isolated channel. The resulting e↵ects are dependent on
the direction of flow in each channel (co- or counter flow) as this influences
the direction of flow of the leakage currents. These processes serve to alter
the distribution of flow between the channels and the transfer of heat to
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and from the fluid. All of these phenomena are of critical interest in blanket
design.
Madarame et al first studied this phenomenon in detail, with specific
application to its occurrence in coupled bends in a specific liquid metal
blanket concept [15]. Two di↵erent calculations were performed in order
to determine the a↵ect of flow coupling on the pressure drop across several
channels. Firstly a simplified slug flow approximation was used, followed
by a fully developed flow calculation. The flow was assumed to be steady,
incompressible and laminar in each case. It was concluded that the MHD
pressure drop would remain close to that for a single duct if the walls were
thin enough, giving a high resistance to leakage current flow. However,
given that the Hartmann wall in the blanket design under consideration
was thick, as indeed most practical examples are likely to be, the resistivity
is low and hence the current intensity high. Madarame thus concluded that
the pressure drop would be increased significantly (10 ⇡ 100 times for this
particular case) and recognised that as the resulting performance could be
heavily a↵ected this e↵ect needed to be considered and minimised in any
future blanket concepts.
Variations on this problem have since been analysed numerically and by
singular perturbation theory. McCarthy et al. developed an iterative numer-
ical method for ducts with conducting walls (side and Hartmann) stacked
parallel to the applied magnetic field [64, 65]. Molokov developed an asymp-
totic solution valid for large Ha for the case with ducts stacked perpendic-
ular to the applied magnetic field and assuming the dividing walls are thin
[66]. The most recent work by Zhang et al. employed a numerical method
using a control volume technique with a non-uniform co-located mesh to
obtain finite di↵erence equations. Both field parallel and perpendicular ar-
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rangements were simulated for for two ducts and the parallel arrangement
alone for three ducts in both co- and counter flow configurations [67]. This
confirmed previous findings that increasing the wall conductance ratio re-
duces the e↵ect of leakage currents on the pressure gradient, and showed
that the counter flow case produces the highest pressure drop. Chen has
recently studied numerically using a code based on the current density con-
servative scheme the coupling between manifold ducts arranged in the field
parallel direction as found in the Chinese dual coolant blanket design [39].
Recently the development of liquid metal MHD test loops has enabled
some experimental data to be obtained for TBM prototypical geometries,
enabling the validation of numerical studies [68, 69].
Recognising the limitations of current methods in dealing with the elec-
tromagnetic flow coupling between adjacent ducts in MHD flow, a novel
analytical solution is now developed for a generalised Hunt type problem
with ducts stacked parallel to the applied magnetic field (as considered by
McCarthy), where the ducts have non-conducting side walls and arbitrary
thickness conducting Hartmann walls. This is considered to be a partic-
ularly relevant configuration in terms of the blanket application. To the
authors knowledge, analytical solutions valid for arbitrary Ha, as shall be
proposed here, do not exist for the problems discussed above. Such ana-
lytical solutions aid in our understanding of these flows and provide im-
portant benchmarking and validation data for computational MHD, as well
as providing approximate flow parameters for 1D systems codes. Firstly,
the quasi-static, laminar, fully developed flow equations are derived for the
case of a thick-walled duct. An analytical result is obtained for the relevant
hydrodynamic and magnetic parameters for the single duct with thick walls
using a separation of variables method, and the limitations of the thin-wall
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approximation (developed by Hunt) are demonstrated. These results are
then extended to an array of ducts stacked in the direction of the applied
magnetic field. An investigation of these solutions for 2, 3 and 5 parallel
ducts in both co- and counter-flow configurations is given. The coupling
between ducts and its impact on the hydrodynamics is studied in detail,
in both co- and counter-flow configurations. It is seen that the conducting
walls have a strong influence on the Lorentz forces near the wall, giving
rise to significant enhancement of wall shear stresses in the co-flow case and
strong suppression in the counter-flow case. In certain circumstances, flow
reversal of the core flow (relative to the pressure gradient) can be obtained,
resulting in counter-current flow. The material presented here is based on
a paper written by the author [70].
4.3 Formulation of electromagnetic flow coupling
phenomenon
The flow of an incompressible electrically conducting fluid of kinematic vis-
cosity ⌫, density ⇢, electrical conductivity  f and permeability µf is con-
sidered. The fluid velocity u satisfies the following momentum equation:
@u
@t
+ u ·ru =  1
⇢
rp+ ⌫
⇢
r2u+ 1
⇢
j⇥B (4.3.1)
together with
r · u = 0 (4.3.2)
where p is the pressure, j is the current density and B is the magnetic
induction (although the term magnetic field is used where no confusion
withH can arise). The magnetic (and electric) fields (H and E respectively)
62
are governed by the Maxwell equations ([54]). Ignoring the displacement
current, Maxwells equations together with Ohms law state that
r⇥H = j =  f (E+ u⇥B) (4.3.3)
where
B = µfH (4.3.4)
Taking the curl of (4.3.3) and using the constitutive law (4.3.4), together
with the fact that r ·B = 0 gives
  1
µf f
r2B = r⇥E+r⇥ (u⇥B) (4.3.5)
Since
r⇥ (u⇥B) = u (r ·B) B (r · u) + (B ·r)u  (u ·r)B (4.3.6)
and
r ·B = r · u = 0 (4.3.7)
it follows that
r⇥ (u⇥B) = (B ·r)u  (u ·r)B (4.3.8)
The other Maxwell equation is given by
r⇥E =  @B
@t
(4.3.9)
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Substituting (4.3.9) and (4.3.8) into (4.3.5) gives the well-known induction
equation [54] for B,
@B
@t
=
1
µf f
r2B+ (B ·r)u  (u ·r)B (4.3.10)
Decomposing the magnetic field into a spatially uniform, time independent
applied componentB0, and an induced componentBi such thatB = B0 +Bi,
then
@B
@t
=
@Bi
@t
,r2B = r2Bi (4.3.11)
If it is now assumed that the magnetic Reynolds number Rem = µf fLU
is small, where L and U are the characteristic length and velocity, then the
induced field is small compared with the applied field, that is B0+Bi ⇡ B0,
so one can write the 2nd term on the RHS of (4.3.10) as
(B ·r)u  (u ·r)B =  B0 ·r u  (u ·r)Bi (4.3.12)
The following expression for the induction equation is then obtained:
@Bi
@t
+ (u ·r)Bi = 1
µf f
r2Bi +  B0 ·r u (4.3.13)
If, in addition, it is assumed that a laminar, quasi-steady state case holds,
(ie. an infinite interaction parameter), then the time derivatives and ad-
vection terms on the LHS of both the momentum equation (4.3.1) and
induction equation (4.3.13) vanish. Further limiting the study to fully de-
veloped, axially directed, two-dimensional flows in square ducts, as shown
in Fig. 4.1, one can define u = (0, 0, v), Bi = (0, 0, Bz) and B0 =
 
B0x, 0, 0
 
.
The momentum equation in this square duct of side 2a with Hartmann wall
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Figure 4.1: Single thick-walled duct geometry.
thickness w, insulated side walls, subject to an applied X-directed magnetic
field B0x and driven by a pressure gradient @p/@Z is then given by
⌫
✓
@2v
@X2
+
@2v
@Y 2
◆
  1
⇢
@p
@Z
+
1
⇢
1
µf
@Bz
@X
B0x = 0 (4.3.14)
Note that the last term on the LHS of this equation is the Lorentz force. The
flow of conducting fluid generates an induced magnetic field Bz, satisfying
the following form of the induction equation, obtained from (4.3.13):
1
µf f
✓
@2Bz
@X2
+
@2Bz
@Y 2
◆
+B0x
@v
@X
= 0 (4.3.15)
The magnetic field Bw, in each wall satisfies
@2Bw
@X2w
+
@2Bw
@Y 2w
= 0 (4.3.16)
where (Xw, Yw) denotes the coordinate system in each wall, as shown in
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Fig. 4.1. Non-dimensionalising, by setting
x =
X
a
, y =
Y
a
, z =
Z
a
,   =
w
a
, xw =
Xw
a
, yw =
Yw
a
, (4.3.17)
U =
⇢⌫
(@p/@Z) a2
v (4.3.18)
Ha = B0xa
r
 f
⇢⌫
(4.3.19)
and
B =
1
µf
1
(@p/@Z) a2
r
⇢⌫
 f
Bz (4.3.20)
it follows that ✓
@2U
@x2
+
@2U
@y2
◆
  1 +Ha@B
@x
= 0 (4.3.21)
with no-slip boundary conditions at the fluid-wall interface:
U = 0 (4.3.22)
Note that the final term on the LHS of equation (4.3.21) is a non-dimensional
Lorentz force. This quantity will have an important role in the explanation
of the mechanisms involved in this problem. The fluid magnetic field B
satisfies ✓
@2B
@x2
+
@2B
@y2
◆
+Ha
@U
@x
= 0 (4.3.23)
in the fluid region.
Note that the Shercli↵ solution U = Ush, B = Bsh (equations (4.1.5) to
(4.1.13)), satisfies these equations with homogeneous Dirichlet boundary
conditions on U and B. One can then write U = u+Ush and B = b+Bsh,
and it follows that ✓
@2u
@x2
+
@2u
@y2
◆
+Ha
@b
@x
= 0 (4.3.24)
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with no-slip boundary conditions at the fluid-wall interface:
u = 0 (4.3.25)
whilst b satisfies ✓
@2b
@x2
+
@2b
@y2
◆
+Ha
@u
@x
= 0 (4.3.26)
subject to appropriate homogeneous Dirichlet conditions on the side walls
(y = ±1) and interface conditions on the Hartmann walls (x = ±1). The
reason for using the decomposition of U and B above is to reduce the prob-
lem to a homogeneous case where the separation of variables method may
be more easily applied.
The non-dimensional magnetic field in each wall, bw, satisfies
@2bw
@x2w
+
@2bw
@y2w
= 0 (4.3.27)
subject to boundary and interface conditions described in section 4.4.
It is convenient to express the velocity and fluid magnetic fields in terms
of auxiliary variables   and  (known as the Elsasser variables), which has
the attractive property of decoupling the equations:
  = u+ b, = u  b (4.3.28)
and by adding (and subtracting) the fluid equations it is seen that   and  
satisfy:
@2 
@x2
+
@2 
@y2
+Ha
@ 
@x
= 0 (4.3.29)
@2 
@x2
+
@2 
@y2
 Ha@ 
@x
= 0 (4.3.30)
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These equations will be solved by separation of variables and the velocity
and magnetic field obtained from (4.3.28).
4.4 Electromagnetic boundary and interface
conditions
In the previous section, the problem is reduced to one involving the Elsasser
variables,   and  . In principle, boundary and interface conditions are
required in terms of these variables. In our approach, however, general
solutions in terms of the Elsasser variables are obtained (subject only to
homogeneity on the side-walls) which are then subsequently reconstituted
as b and u. The necessity for this is clear from the fact that the interface
conditions will involve the wall magnetic field bw. As a result boundary and
interface conditions are applied to the original variables. It is now explained
in detail how these conditions are arrived at.
The side-walls (y = ±1) are insulated and as a result the boundary con-
dition on these walls is simply
B = b+Bsh = 0) b = 0 (4.4.1)
Equations (4.3.24),(4.3.26) and (4.3.27) are coupled at the fluid-conducting
wall interface   where continuity of field and flux are enforced. Hence
n · j = n · jw (4.4.2)
n⇥ (E Ew) = 0 (4.4.3)
n⇥ (H Hw) = Js (4.4.4)
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where jw, Ew and Hw are the current density, electric field and magnetic
field in the wall, respectively. The surface current at the interface between
the fluid and wall is denoted by Js. For the case of a conductor/conduc-
tor interface, it must hold that Js = 0. Substituting Maxwells equations
into these give the following interface conditions which must apply at each
interface:
n ·r⇥H = n ·rw ⇥Hw (4.4.5)
and
1
 f
n⇥r⇥H = 1
 w
n⇥rw ⇥Hw (4.4.6)
on  , where n is a unit normal to the interface,  w is the wall electrical
conductivity and rw indicates a gradient evaluated within the wall. It is
convenient to define the wall conductance ratio cw as
cw =
 ww
 fa
=
 w
 f
  (4.4.7)
In the case of interest, one can assume that H = (0, 0, B/µ) so
r⇥H = 1
µ
✓
i
@B
@y
  j@B
@x
◆
(4.4.8)
Note in (4.4.8), j represents the unit vector and should not be confused
with current density. On Hartmann walls (x = ±1), conditions (4.4.5) and
(4.4.6) reduce to
1
µf
@B
@y
=
1
µw
@bw
@yw
(4.4.9)
and
1
µf f
@B
@x
=
1
µw w
@bw
@xw
(4.4.10)
Providing (4.4.10) is satisfied, condition (4.4.9) can be enforced simply
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by requiring
bw =
µw
µf
B =
µw
µf
b (4.4.11)
on all walls of the duct, since Bsh vanishes on the duct wall. On the exterior
of the solid walls are applied homogeneous Dirichlet conditions.
4.5 Analytical solutions to the electromagnetic
flow coupling problem
4.5.1 Thick walled 2nd kind Hunt problem
Firstly the flow in a single duct is considered, before extending the analysis
to the multiple duct case. General solutions to (4.3.29), (4.3.30) and as
a result (4.3.24), (4.3.26) are obtained in terms of left and right solutions
involving unknown coe cients. It is worthwhile clarifying this terminol-
ogy: A left solution is a solution which vanishes on the right-hand wall of
the duct and conversely, a right solution is a solution which vanishes on
the left-hand wall of the duct. Any solution within the duct is a linear
combination of these left and right solutions. Corresponding general solu-
tions for the magnetic field in the walls are also obtained. These solutions
are subsequently mode-matched at interfaces, leading to a determination of
the unknown coe cients. The resulting solutions are compared with those
obtained by Hunt for the thin-walled case.
In order to solve this problem for a thick-walled duct, the separation of
variables method is applied to equations (4.3.29) and (4.3.30). One can
deduce the following general solutions which satisfy homogeneous Dirichlet
boundary conditions on all walls except for on x =  1   L, L  or on
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x = 1
 
 R, R
 
.
 L = e  x
1X
n=0
 Ln
sinh ⌘ (x  1)
cosh 2⌘
cos ny (4.5.1)
 R =  e  x
1X
n=0
 Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.2)
 L = e x
1X
n=0
 Ln
sinh ⌘ (x  1)
cosh 2⌘
cos ny (4.5.3)
 R =  e x
1X
n=0
 Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.4)
where
⌘ =
p
( 2n +  
2),  =
Ha
2
, n =
✓
n  1
2
◆
⇡ (4.5.5)
One can then write
  =  L +  R (4.5.6)
 =  L +  R (4.5.7)
From (4.3.28) it is clear that b = 0 and u = 0 on y = ±1. Now enforcing
the no-slip conditions on x = ±1, which demands that
u ( 1, y) = 1
2
 
 L ( 1, y) +  L ( 1, y)  = 0 (4.5.8)
u (1, y) =
1
2
 
 R (1, y) +  R (1, y)
 
= 0 (4.5.9)
It follows that  Ln =  e2  Ln and  Rn =  e 2  Rn . Eliminating  Ln and  Rn
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in the general solutions giving
 L =
1X
n=0
e  x Ln
sinh ⌘ (x  1)
cosh 2⌘
cos ny (4.5.10)
 L =  
1X
n=0
e2 e x Ln
sinh ⌘ (x  1)
cosh 2⌘
cos ny (4.5.11)
 R =
1X
n=0
e  x Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.12)
 R =  
1X
n=0
e2 e x Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.13)
Now decomposing the velocity and magnetic field solutions into left and
right components:
u (x, y) = uL (x, y) + uR (x, y) (4.5.14)
where
uL =
1
2
 
 L +  L
 
(4.5.15)
uR =
1
2
 
 R +  R
 
(4.5.16)
and
b (x, y) = bL (x, y) + bR (x, y) (4.5.17)
where
bL =
1
2
 
 L    L  (4.5.18)
bR =
1
2
 
 R    R  (4.5.19)
After some rearrangement and setting pLn = e
  Ln and p
R
n = e
   Rn (this
leads to expressions which have better conditioning with respect to finite
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precision arithmetic), then the left and right velocity fields are given by
uL (x, y) = sinh  (1 + x)
1X
n=1
pLn
sinh ⌘ (1  x)
cosh 2⌘
cos ny (4.5.20)
uR (x, y) =   sinh  (1  x)
1X
n=1
pRn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.21)
Similarly the left and right magnetic fields are given by
bL (x, y) = cosh  (1 + x)
1X
n=1
pLn
sinh ⌘ (1  x)
cosh 2⌘
cos ny (4.5.22)
bR (x, y) = cosh  (1  x)
1X
n=1
pRn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.5.23)
The solutions are fully determined once the coe cients are known pLn and
pRn .
The magnetic field in the wall bw is similarly decomposed into left and
right general solutions
bLw =
1X
n=0
bLn sinh nxw cos nyw (4.5.24)
and
bRw =
1X
n=0
bRn sinh n (xw    ) cos nyw (4.5.25)
Note that in these equations, xw 2 [0,  ] refers to a position in the local
coordinate system fixed in each wall such that the fluid-wall interface cor-
responds to xw =   in equation (4.5.24) and xw = 0 in equation (4.5.25).
These solutions vanish on the exterior walls, satisfying the homogeneous
Dirichlet condition specified on these walls.
At the Hartmann walls, one can identify y = yw and apply the interface
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conditions at the left and right hand walls for the magnetic field (and flux)
using equations (4.4.10) and (4.4.11):
bLw ( , y) =
µw
µf
bL ( 1, y) , bRw (0, y) =
µw
µf
bR (1, y) (4.5.26)
1
µf f
✓
@bL
@x
( 1, y) + @b
R
@x
( 1, y)
◆
+
1
µf f
@Bsh
@x
( 1, y) = 1
µw w
@bLw
@xw
( , y)
and
1
µf f
✓
@bL
@x
(1, y) +
@bR
@x
(1, y)
◆
+
1
µf f
@Bsh
@x
(1, y) =
1
µw w
@bRw
@xw
(0, y)
(4.5.27)
It is assumed that the magnetic field vanishes on the side walls (y = ±1).
Using the interface conditions in section 4.5.1 one can solve for the co-
e cients in the general solutions. Note that the coe cients in uL and uR
(and bL and bR) are obtained by applying the continuity of magnetic field
and magnetic flux at the left and right walls of the duct respectively, and
matching appropriate modes. After some algebra, the following expressions
are obtained for the coe cients:
pLn =
dshn
an   bn , p
R
n =  
dshn
an   bn , (4.5.28)
wherein
an = ⌘ +
 f
 w
 n tanh 2⌘ coth n  (4.5.29)
bn =  ⌘ cosh 2 
cosh 2⌘
(4.5.30)
dshn =
kn
 2n
✓
pn2 sinh pn1 cosh pn2   pn1 sinh pn2 cosh pn1
sinh 2⌘
◆
(4.5.31)
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This analysis also shows that in the left and right hand walls, magnetic
fields are given by
bLw (xw, yw) =
1X
n=1
pLn
tanh 2⌘
sinh n 
sinh nxw cos nyw (4.5.32)
bRw (xw, yw) =  
1X
n=1
pRn
tanh 2⌘
sinh n 
sinh n (xw    ) cos nyw (4.5.33)
respectively.
It is customary to characterize such problems in terms of the wall con-
ductance ratio, cw defined in equation (4.4.7). Indeed, for thin walls, where
  ⌧ 1 it is seen that cosh n  ! 1 and sinh n  !  n , so
an ! ⌘ +  f
 w
1
 
tanh 2⌘ =! ⌘ + 1
cw
tanh 2⌘ (4.5.34)
However, in the case of thick walls, cw fails to appropriately characterize
the flow and as a concept it becomes invalid.
For some purposes, it is important to know the mean velocity (Um) of
the flow in the duct. This can be obtained by analytic integration of the
solutions obtained above, giving
Um =
1
4
Z 1
 1
Z 1
 1
(Ush + u) dxdy = U
sh
m + um (4.5.35)
where
U shm =
1X
n=1
2
 4n
✓
1 +
sinh pn1 sinh pn2
sinh (pn2   pn1)
✓
1
pn2
  1
pn1
◆◆
(4.5.36)
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and
um =
1X
n=1
kn
4
✓
⌘ sinh 2     sinh 2⌘
( 2   ⌘2) cosh 2⌘
◆ 
pLn   pRn
 
(4.5.37)
To demonstrate these results comparisons are made with the correspond-
ing thin-walled Hunt case. In this case, µf = µw = 1 and  w/ f = 0.01.
Fig. 4.2 shows the velocity profile through a section of the duct forHa = 500,
for three di↵erent values of  . There is clearly good agreement for   = 0.01,
as would be expected. For larger values of   the profile di↵ers significantly
from the thin wall case. The relative error incurred by the thin-wall as-
sumption is shown in Figs. 4.5(a) and 4.5(b) for Ha = 100 and Ha = 500
respectively, for certain values of cw. The error is measured in terms of both
the peak values and the mean velocity. The deterioration of the thin-wall
approximation, for increasing   is clear and becomes increasingly so as Ha
increases. Notably it is seen that as the wall thickness increases, there is a
tendency for peak velocities to be under-estimated and the mean velocities
to be over-estimated. It is also clear, that cw fails to characterise the flow
for thick walls. In particular, the same value of cw gives di↵ering velocity
profiles for di↵erent combinations of wall thickness and ratio of electrical
conductivities.
For future reference, it is worth pointing out the features of the flow in
relation to the non-MHD case. In the non-MHD case, the velocity profile
adjusts so that the wall shear stress balances the pressure gradient. This
leads to an approximately parabolic velocity profile. In the MHD case,
the velocity profile adjusts so that wall shear stresses balance the sum of
pressure gradient and Lorentz forces induced by the magnetic field. The
magnetic field, and in particular the current density plays a fundamental
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role in the magnetohydrodynamics. Figs. 4.3 and 4.4, for the cases Ha = 5
and 50 respectively, with a constant wall thickness of   = 0.05, show the
direction of current flow as vectors and the magnitude of these vectors as
contours. Conventionally, one would represent vector fields as arrows whose
length indicated the magnitude. However, the fact that important details
of the flow become confined to thin wall layers (as Ha increases), means
that significant numbers of large arrows are required in thin wall regions
with very small arrows in the core region, impairing legibility. Conversely,
a coarse representation of the current vector fails to convey the variation in
current density near the walls. As a result, unit current density vectors are
shown on a coarse grid and the magnitude of the current density as contours
on a fine grid. In both cases two opposing current loops form, each of which
have components parallel to the Hartmann walls and a return path through
the central core, resulting in Lorentz forces acting on the fluid. Necessarily,
the current adjacent to the Hartmann wall has a component in the opposite
direction to the current in the return path. The Lorentz force near the wall
acts in the same direction as the pressure gradient, while that in the core
acts to oppose the pressure gradient. As the Hartmann number increases,
the current perpendicular to the applied field becomes increasingly confined
to a progressively thinner layer (called the Hartmann layer). As stated
above, these near-wall Lorentz forces act in the same direction as, and can
greatly exceed, the pressure gradient. The velocity profile adjusts to give
increased wall shear stresses (over the non-MHD case) which balance this
combination of pressure gradient and Lorentz force. Beyond this layer the
current is flowing in the opposite direction with a reduced density, giving
rise to Lorentz forces which oppose the pressure gradient. For large Ha,
a core region is formed where the core Lorentz forces balance the pressure
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Figure 4.2: Velocity profile for Ha = 500, thin and thick-walled comparison.
gradient, resulting in a flat velocity profile.
4.6 The multiple duct problem
Having considered the single duct case in section 4.5.1, one can now apply
the same techniques to the case of an array of identical parallel ducts stacked
in the direction of the applied magnetic field B0x. As in the single duct case,
it is assumed that the exterior faces of the end walls adjoin a perfect insulator
and that the induced magnetic field vanishes thereon, as a result. Left and
right general solutions for the velocities and magnetic fields are defined for
each duct. As in the single duct case, these solutions are mode-matched at
interfaces, leading to a determination of the unknown coe cients and inter
alia, the fields in each duct.
The flow problem consists of an array of parallel magnetically coupled
ducts, two of which are shown in Fig. 4.6. Each duct is subject to a
pressure drop @pi/@Z. In this case, the ducts are stacked in the direction
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of the applied magnetic field B0x. The fluid flow in each duct, i, satisfies
⌫
✓
@2vi
@X2
+
@2vi
@Y 2
◆
  1
⇢
@pi
@Z
+
1
⇢
1
µf
@Bi,z
@X
B0x = 0 (4.6.1)
and the magnetic fields satisfy
1
µf f
✓
@2Bi,z
@X2
+
@2Bi,z
@Y 2
◆
+B0x
@vi
@X
= 0 (4.6.2)
Choosing the first duct as the reference pressure, and defining a non-dimensional
pressure gradient for each duct as
 Pi =
@pi/@Z
@p1/@Z
(4.6.3)
allows us to non-dimensionalize as in section 4.3, giving
✓
@2Ui
@x2
+
@2Ui
@y2
◆
  Pi +Ha@Bi
@x
= 0 (4.6.4)
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and ✓
@2Bi
@x2
+
@2Bi
@y2
◆
+Ha
@Ui
@x
= 0 (4.6.5)
Due to linearity, it is noted that the solutions  PiUsh and  PiBsh, satisfy
equations (4.6.4) and (4.6.5) with homogeneous Dirichlet boundary condi-
tions. One can then write Ui = ui + PiUsh and Bi = bi + PiBsh, and so
obtain ✓
@2ui
@x2
+
@2ui
@y2
◆
+Ha
@bi
@x
= 0 (4.6.6)
with no-slip boundary conditions at the fluid-wall interface and
✓
@2bi
@x2
+
@2bi
@y2
◆
+Ha
@ui
@x
= 0 (4.6.7)
subject to appropriate homogeneous conditions on the side walls (y = ±1)
and interface conditions on the Hartmann walls (x = ±1). The magnetic
field in each wall satisfies equation (4.3.27) as before, however, at the ex-
terior face of the end walls, the condition bw = 0 is enforced, which is
appropriate for a wall adjoining an insulating medium. These equations are
identical in form to those solved in section 4.5.1 and their solution follows
a straightforward generalisation of that process.
Generalizing the approach in section 4.5.1, it is seen that the velocity field
in each duct may be written as
ui (x, y) = ui,L (x, y) + ui,R (x, y) (4.6.8)
and
bi (x, y) = bi,L (x, y) + bi,R (x, y) (4.6.9)
Following a similar argument to that in section 4.5.1 one can deduce that
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Figure 4.6: Multiple duct geometry.
the left and right velocity fields are given by
ui,L (x, y) = sinh  (1 + x)
1X
n=1
pi,Ln
sinh ⌘ (1  x)
cosh 2⌘
cos ny (4.6.10)
ui,R (x, y) =   sinh  (1  x)
1X
n=1
pi,Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.6.11)
and the left and right fluid magnetic fields are given by
bi,L (x, y) = cosh  (1 + x)
1X
n=1
pi,Ln
sinh ⌘ (1  x)
cosh 2⌘
cos ny (4.6.12)
bi,R (x, y) = cosh  (1  x)
1X
n=1
pi,Rn
sinh ⌘ (x+ 1)
cosh 2⌘
cos ny (4.6.13)
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The wall magnetic fields are given by
bi,Lw (xw, yw) =
1X
n=1
pi,Ln
tanh 2⌘
sinh n 
sinh nxw cos nyw (4.6.14)
bi,Rw (xw, yw) =  
1X
n=1
pi,Rn
tanh 2⌘
sinh n 
sinh n (xw    ) cos nyw (4.6.15)
Now matching the magnetic fields at the Hartmann walls (again noting
that y = yw). That is for each duct
bi,Lw ( , y) =
µw
µf
bi,L ( 1, y) (4.6.16)
and
bi,Rw (0, y) =
µw
µf
bi,R (1, y) (4.6.17)
And for the flux equations (4.4.10),
1
µf f
✓
@bi,L
@x
( 1, y) + @b
i,R
@x
( 1, y)
◆
+
 Pi
µf f
@Bsh
@x
( 1, y) =
1
µw w
 
@bi,Lw
@xw
( , y) +
@bi 1,Rw
@xw
( , y)
!
(4.6.18)
and
1
µf f
✓
@bi,L
@x
(1, y) +
@bi,R
@x
(1, y)
◆
+
 Pi
µf f
@Bsh
@x
(1, y) =
1
µw w
 
@bi+1,Lw
@xw
(0, y) +
@bi,Rw
@xw
(0, y)
!
(4.6.19)
Matching modes and eliminating the bi,Ln and b
i,R
n coe cients using equa-
tions (4.6.16) and (4.6.17) one can use definitions (4.5.29), (4.5.30) and
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(4.5.31), together with
cn =    f
 w
 n tanh 2⌘
sinh n 
(4.6.20)
to construct the following 2N -by-2N tri-diagonal matrix equation from the
flux continuity equations (4.6.18) and (4.6.19):
266666666664
an bn
bn an cn
cn an bn
bn an
. . .
. . .
. . .
377777777775
266666666664
p1,Ln
p1,Rn
...
pN,Ln
pN,Rn
377777777775
= dshn
266666666664
 P1
  P1
...
 PN
  PN
377777777775
(4.6.21)
Defining the 2N -by-N matrix R as
R =
266666666664
1
 1
1
 1
. . .
377777777775
(4.6.22)
one can then write equation (4.6.21) in the compact form
Anpn = d
sh
n R P (4.6.23)
where An and pn is the matrix and vector on the LHS, respectively, of
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(4.6.21), and
 P =
266666664
 P1
 P2
...
 PN
377777775 (4.6.24)
It is then simple to solve for pn, and hence ui, bi and biw using equations
(4.6.8)-(4.6.15).
The mean velocities in the ducts can then be expressed in matrix form as
Um =
 
U shm I+
1X
n=1
kn
4
✓
⌘ sinh 2     sinh 2⌘
( 2   ⌘2) cosh 2⌘
◆
dshn
 
RTA 1n R
 !
 P
(4.6.25)
where Um is the N -vector of mean velocities and I is the N -byN identity
matrix.
4.7 Results
These solutions are now demonstrated for a number of cases. In section 4.7.1
the velocity and magnetic fields are shown for a pair of ducts (N = 2) in
both co- and counter-flow configurations. To demonstrate more clearly the
impact of electromagnetic coupling between arrays of ducts a number of
cases are considered in detail with N = 3 and N = 5, specifically those
involving either fixed pressure drop or fixed velocity in both flow configura-
tions.
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4.7.1 Twin ducts
Taking the simplest non-trivial case of pressure driven flow in two ducts,
where   = 0.02, and µf = µw = 1 and  w/ f = 1. In Fig. 4.7 the
velocity profiles for Ha = 500 in co-flow ( P1 =  P2 = 1) and counter
flow ( P1 =  1, P2 = 1) configurations are shown respectively. Note that
Uref is taken as the peak velocity in a single duct case. It is seen that
the interactions in the counter-flow configuration are particularly strong,
resulting in a strongly suppressed core velocity in each duct. In the co-
flow configuration, a small increase in core and side-jet flow is observed in
relation to the single duct case.
The precise mechanisms involved in these cases are worthy of further
study. Figs. 4.8 and 4.9 show the current distribution and the non-dimensional
Lorentz force in the co-flow case, respectively. It is clear that the current
density in the fluid at each of the Hartmann layers (and walls) is large
and flows perpendicular to the applied field. Such currents give rise to
steep gradients in the induced magnetic field within the Hartmann layers
and correspondingly large non-dimensional Lorentz forces which act in the
same direction as the pressure drop, as shown in Fig. 4.9. As a result, the
net force is large in the Hartmann layer, giving rise to large shear stresses.
The Lorentz forces are larger still in the corners near the connecting wall,
with resulting increase in wall shear stress. Away from the walls, the non-
dimensional Lorentz force reduces, ultimately opposing and balancing the
pressure drop, resulting in the flat core region. The combination of these
e↵ects leads to the significant core flow in the co-flow case and enhanced
core velocity near the adjoining wall (principally due to the corner e↵ects).
In the side walls, although the current is significant, it flows in a direction
parallel to the induced field and the resulting Lorentz force is negligible.
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As a result, the side layer exhibits pressure driven flow, resulting in the
observed jets. There is (relatively) weak coupling between the ducts due to
the significant wall resistance along the current path in this configuration.
This is, of course, dependent on the wall thickness and conductivity.
In Fig. 4.10 is shown the current distribution in the counter-flow case.
The current densities at the outer Hartmann layers are reduced relative to
the co-flow case, particularly near the centre region of the wall, and less
so near the corners. However, at the inner Hartmann walls, the current
flows largely through the connecting wall, into the neighbouring duct. The
connecting wall resistance is relatively low in this configuration, leading
to strong coupling. The current near the inner Hartmann wall gives rise
to greatly reduced non-dimensional Lorentz forces (Fig. 4.11) as it has a
significant component parallel to the applied field. The component perpen-
dicular to the applied field is similar in magnitude and direction to that in
the core. As a result, the net force in the inner Hartmann layers is much
smaller in this configuration, giving rise to negligible shear stresses. Away
from the walls, the non-dimensional Lorentz force opposes and balances the
pressure drop, again resulting in the flat core region. The combination of
these e↵ects leads to the greatly reduced core flow in the counter-flow case,
resulting in an almost stagnant flow. In the side walls, as in the co-flow
case, the resulting Lorentz force is negligible, giving rise to the observed
pressure-driven jets.
4.7.2 Triple ducts, N = 3
For the case of three ducts, the co- and counter-flow cases are considered
in detail. The case is again chosen where   = 0.02, µf = µw = 1 and
 w/ f = 1, with each duct subject to a fixed pressure drop (in the appro-
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Figure 4.7: Velocity profile for Ha = 500, (a) Co-flow, (b) Counter-flow
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Figure 4.8: Electric current distribution for Ha = 500. Arrows represent
the current flow, contours represent the magnitude of current
density, co-flow case
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Figure 4.9: Non-dimensional Lorentz force for Ha = 500, Co-flow, case
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Figure 4.10: Electric current distribution for Ha = 500. Arrows represent
the current flow, contours represent the magnitude of current
density, counter-flow case
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Figure 4.11: Non-dimensional Lorentz force for Ha = 500, Counter-flow,
case
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Figure 4.12: Velocity profile (a) and induced magnetic field (b) for Ha =
500, triple duct co-flow configuration.
X
-1 0 1 2 3 4 5
Y
-1
-0.5
0
0.5
1
0.01
0.02
0.03
0.04
0.05
0.06
0.07
Figure 4.13: Electric current distribution for Ha = 500. Arrows represent
the current flow, contours represent the magnitude of current
density, triple duct co-flow configuration.
priate directions).
The velocity profiles in the co-flow case are shown in Fig. 4.12(a). The
peak and core flow velocities in the central duct (duct 2) are a little larger
than those of the side ducts (ducts 1 and 3). The magnetic field, current
flow and Lorentz force shown in Figs. 4.12(b), 4.13 and 4.14, respectively,
are consistent with the twin duct case. The Lorentz forces are enhanced,
particularly near the corners of the central duct, with a resulting increase
in the velocity.
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Figure 4.14: Non-dimensional Lorentz force for Ha = 500, triple duct co-
flow configuration.
The velocity profiles in the counter-flow case are shown in Fig. 4.15(a).
The peak and core flow velocities in the side duct (1) are strongly suppressed
relative to the co-flow case. The core flow in the side duct is suppressed
to approximately 20% of the co-flow case, with a velocity ⇡  0.15. The
core flow in the centre duct (2) is not only suppressed, it is in fact, reversed
(relative to the applied pressure gradient). In this case, the core flow has
a velocity ⇡  0.13. In the absence of a magnetic field (or indeed, the side
ducts), a positive core flow would be expected.
The induced magnetic field is shown in Fig. 4.15(b). The current flow
in this configuration is shown in Fig. 4.16 and it is worth noting that this
di↵ers markedly from the current flow in the twin duct counter-flow case
(Fig. 4.10), where current flowed preferentially through the connecting wall
(in the x-direction). Due to the asymmetry between the side and centre
ducts, there is in addition a significant current component along the wall
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(in the y-direction), with concomitant enhancement of the Lorentz force
near the connecting wall. The non-dimensional Lorentz force, shown in Fig.
4.17, is significantly reduced in the Hartmann layers in comparison to the
co-flow case (by about a factor of 0.5). This leads to a reduction in wall
shear stress and accounts for the reduction in core flow in the side duct.
Notably, in the central duct, the coupling with the side ducts gives rise to
a large Lorentz force in the Hartmann layers that act in opposition to the
pressure drop (unlike the case for the side duct and all co-flow cases). This
acts to further suppress the core flow in the central duct. If this near-wall
Lorentz force is su ciently large (due to a large Hartmann number and
reduced wall resistance), then the core velocity can be entirely reversed,
as is the case here. The side jets again correspond to regions of negligible
Lorentz force and the jets result from pressure driven flow in the side layers
and as a result do not experience flow reversal, hence flow in the duct is
of a counter-current nature. Depending on the relative contributions to the
mass flow rate of the core and side jets, it is possible to have a net reversal
of the mass flow rate in the duct.
So far in this section, the Hartmann number, conductivities, permeabili-
ties and wall thickness have been fixed. The coupling e↵ects are a function
of these parameters. As stated earlier, for thin ducts, the dependence of the
flow field can be characterized in terms of the conductivity ratio, cw. This is
not the case for thick-walled ducts. In order to investigate the dependence
of the coupling on these parameters, it is proposed to consider the total de-
viation from the single duct case across all ducts. To this end, the coupling
parameter ↵ is defined as
↵ =
NX
i=1
    Um,iU shm   Pi
     (4.7.1)
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Figure 4.15: Velocity profile (a) and induced magnetic field (b) for Ha =
500, triple duct counter-flow configuration.
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Figure 4.16: Electric current distribution for Ha = 50. Arrows represent
the current flow, contours represent the magnitude of current
density, triple duct counter-flow configuration.
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Figure 4.17: Non-dimensional Lorentz force for Ha = 500, triple duct
counter-flow configuration.
Each term in this sum is the normalized di↵erence between the mean velocity
in the coupled case and the non-coupled case, for each duct. For a case with
no coupling, ↵ = 0.
In Fig. 4.18 is shown the coupling parameter for the co- and counter-flow
cases for Ha = 500 as a function of  w/ f and wall thickness  . Both cases
exhibit appropriate limiting behaviour for large   and large  w/ f , where
the wall conductivity is large in comparison to the fluid conductivity. In
this case the perfectly conducting wall case is approached and the coupling
e↵ects are negligible. It is also the case that the coupling decays rapidly for
    1.
For the co-flow case (Fig. 4.18(a)), in the limit of small   and small  w/ f ,
the perfectly insulating wall case is approached - and again, coupling e↵ects
become negligible. For co-flow, current flows along the Hartmann walls,
in the y-direction (as shown in Fig. 4.13). In such circumstances, a wall
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Figure 4.18: Coupling parameter ↵ as a function of  w/ f and   for Ha =
500. Co-flow (a) and counter-flow (b) cases.
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Figure 4.19: Normalised central duct mean velocity as a function of  w/ f
and   for Ha = 5, counter-flow case.
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Figure 4.20: Normalised central duct mean velocity as a function of  w/ f
and   for Ha = 50, counter-flow case.
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Figure 4.21: Normalised central duct mean velocity as a function of  w/ f
and   for Ha = 500, counter-flow case.
conductance ratio , cy, can be characterised as cy /  w  f . It is clear that
for any given  , the peak coupling occurs along a locus of points on which
cy /  w  f is constant, indicated by the white line in the figure. Whilst the
figure shows a calculation for Ha = 500, increasing Ha leaves the result
qualitatively unchanged, but shifted to the left (in the direction of smaller
 w/ f ), as indicated by the arrow. Conversely, decreasing Ha shifts the
values in the figure to the right. It is also to be noted that the peak value
of the coupling parameter increases with increasing Ha. As a result, for
a given   and  w/ f , increasing Ha leads to a rapid increase in coupling,
reaching a peak, which then decays slowly.
For the counter-flow case, (Fig. 4.18(b)), current flows both through
and along the Hartmann walls, as shown in Fig. 4.16. For current flowing
through the wall (as opposed to along the wall), into the neighbouring duct,
a wall conductance ratio is given by cx /  w f   . Note that this conductance
ratio will dominate the cy for   < 1. As   is reduced, the conductance will
increase and the coupling will be enhanced, irrespective of  w/ f . Peak cou-
pling occurs along a locus of points on which cy /  w f is constant, indicated
by the vertical white line in the figure. As with the co-flow case, increas-
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ing Ha leaves the result qualitatively unchanged, but shifted to the left (in
the direction of smaller  w/ f ), as indicated by the arrow. Conversely, de-
creasing Ha shifts the values in the figure to the right. As in the co-flow
case, for a given   and  w/ f , increasing Ha leads to a rapid increase in
coupling, reaching a peak, which then decays slowly. This strong coupling
in the counter-flow case can lead to flow reversal of the core, to a point
where the net flow is reversed, despite the side jets. The phenomenon of
flow reversal is studied in Figs. 4.19, 4.20 and 4.21, which indicate the mean
velocity in the central duct as a function of  w/ f and   for Ha = 5, 50 and
500, respectively. No reversal of the mean velocity (corresponding to mean
velocity < 0) is seen for Ha = 5, indeed, further investigation shows that
net flow reversal occurs only for Ha > 13. For Ha = 50 and 500, net flow
reversal is clear.
4.7.3 Multiple ducts, N = 5
The arrangement considered in this section consists of 5 ducts with   = 0.05
in both co- and counter-flow configurations. Both fixed pressure drop and
fixed mean velocity cases are considered. The e↵ect of Hartmann number
on the coupling between ducts is investigated.
For the case of a fixed pressure drop, an identical pressure drop is applied
in each duct (di↵ering only in sign in the counter-flow configuration). In
Fig. 4.22(a) is shown the mean velocities (and fixed pressures) in each duct
in the co-flow configuration, which indicates that there is flow enhancement
relative to the single duct case, with the greatest enhancement in the central
duct. As in the three duct case, the velocity and pressures are normalised
with respect to the single duct case. The counter-flow case is shown in
Fig. 4.22(b). The coupling between ducts has significant detrimental e↵ects
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Figure 4.22: Mean velocities in ducts with fixed pressure, Ha=500. Co-flow
(a) and counter-flow (b) cases.
on the flow, with significantly reduced mean velocities in all ducts, especially
ducts 2 and 4. Figs. 4.23(a) (co-flow) and 4.23(b) (counter-flow) show the
dependence of the normalized flow velocity on Hartmann number, for ducts
1, 2 and 3 (4 and 5 are identical to 2 and 1, respectively, due to symmetry).
For the case of a fixed applied velocity, with the same arrangements as
before, an identical mean velocity is applied in each duct (di↵ering only
in sign in the counter-flow configuration). The pressures (and fixed mean
velocities) in each duct are shown in Fig. 4.24(a). As expected, for a given
mean velocity, the necessary pressure drop is significantly reduced, which
is to be expected. The counter-flow case is shown in Fig. 4.24(b). It is
clear that pressure drops are increased by a factor of 2 to 3 relative to the
single duct case, in order to maintain the flow rates in this configuration.
Figs. 4.25(a) (co-flow) and 4.25(b) (counter-flow) show the dependence of
the normalized flow pressure on Hartmann number, for ducts 1, 2 and 3.
It is clear from these results that the coupling between ducts in a co-flow
configuration has beneficial e↵ects in terms of pressure drop (or conversely
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Figure 4.23: Mean velocities vs Hartmann number for fixed pressure drops.
Co-flow (a) and counter-flow (b) cases.
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Figure 4.24: Pressure drop in ducts with fixed velocity, Ha=500. Co-flow
(a) and counter-flow (b) cases.
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Figure 4.25: Pressure drop vs Hartmann number with fixed velocities. Co-
flow (a) and counter-flow (b) cases.
mean velocity). However, it is also clear that these relative gains increase
with increasing Hartmann number, only up toHa ⇠ 200. In the counter flow
configurations, a similar behaviour is seen, albeit with a negative impact on
magnetohydrodynamic parameters. In these cases, pressure drops increase
with increasing Hartmann number, reaching a peak at Ha ⇠ 50, beyond
which there is a reduction in the pressure drop relative to the single duct
case.
The explanation of this dependence on Hartmann number can be viewed
in the context of the coupling parameter shown in Fig. 4.18. Although
Fig. 4.18 corresponds to a 3-duct case, the results for the 5-duct case are
qualitatively similar. This 5-duct case corresponds to a particular point in
the plane of Figs. 4.18(a) and 4.18(b). For small Ha, this point lies to
the left of the peak loci. As Ha increases, the loci move to the left, with
coupling reaching a peak as the loci passes the point in the plane. As Ha
increases still further, the coupling diminishes (albeit relatively slowly, as
explained in section 4.7.2).
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4.8 Incorporation of electromagnetic flow coupling
into MHD-SYS
The analytical expression (4.5.35) is now incorporated into MHD-SYS via a
new module in the code. Ducts that are electromagnetically coupled to one
another are identified, and their velocities (or pressures) are passed to the
EM coupling module. This returns new velocities (or pressures) that reflect
the coupling interaction between the ducts which are used to calculate a new
friction factor. Ducts that are uncoupled to one another use the Miyazaki
correlation method as described previously in Chapter 3.
4.9 Chapter summary
This chapter reviews the current methods used to quantify MHD pressure
drop, both for single and multiple electromagnetically coupled ducts and
highlights their limitations. A novel analytical solution is developed for
the MHD flow of a conducting fluid in adjacent electromagnetically coupled
ducts with arbitrary thickness walls. The work presented develops such an
analytical solution to the laminar flow of an electrically conducting fluid in
an array of partially conducting ducts of arbitrary wall thickness subject to
an applied magnetic field. The solution is developed initially by applying the
separation of variables method to the case of a single duct. The importance
of considering the e↵ect of arbitrary thickness walls on the flow is shown by
demonstrating the limitations of the thin-wall approximation developed by
Hunt. These results are then extended to arrays of 2, 3 and 5 parallel ducts
stacked in the direction of the applied magnetic field. The electromagnetic
flow coupling between ducts and its impact on the flow is studied in detail,
in both co- and counter-flow configurations. It is shown that the conducting
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walls have a strong influence on the currents near the walls and in particular
on the Lorentz forces near the wall, giving rise to significant enhancement
of shear stresses in the co-flow case which is beneficial in terms of pressure
drop (or conversely mean velocity). In the counter-flow case there is strong
suppression of wall shear stresses leading to a strong reduction of core flow.
In certain circumstances, the coupling between ducts is su ciently strong
to induce flow reversal and counter-current flows result. Such phenomena
are likely to have significant detrimental e↵ects on both heat and mass
transfer in fusion applications in particular. These analytical solutions give
insight into the physics of such flows and provide important benchmarking
and validation data for computational MHD, as well as approximate flow
parameters for 1D systems codes such as MHD-SYS.
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Chapter 5
Development of heat transfer
correlations for MHD duct
flows
As described in the preceding chapters, MHD e↵ects can significantly alter
the flow behaviour of a conducting fluid. In the context of fusion blankets,
of equal or greater importance is the concomitant heat transfer, as the
extraction of heat is one of the key roles of the blanket.
The thermal environment in which a blanket is expected to operate is com-
plex. The blanket structure and, in the case of liquid metals the coolant,
both experience volumetric heating from the 14MeV neutrons produced in
the fusion reaction. In addition to this heat source, the blanket also expe-
riences a heat flux from radiative heat emanating from the fusion plasma.
The management and transport of this heat is essential to the e ciency of
the blanket as a cooling system and as such, accurate quantification during
the modelling process is vital.
In a similar manner as for pressure drop, several methods for quantify-
ing the degree of heat transfer in a thermal-hydraulic MHD system exist.
Systems codes use experimental or analytically derived correlations, whilst
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CMHD solvers used numerical methods that can also provide expressions
for a system that can be adopted into a systems code model. This chapter
reviews the current methods used to quantify MHD heat transfer in this
manner and highlights their limitations. A novel analytical solution is de-
veloped for the heat transfer associated with the MHD flow of a conducting
fluid in a rectangular duct with insulating walls - the Shercli↵ case. This so-
lution provides the temperature profile and average Nusselt number for the
fluid, under conditions of either uniform peripheral temperature and con-
stant axial heat flux (H1 condition), or both uniform peripheral and axial
heat flux (H2 condition). The resulting expressions can be applied in a sys-
tems code such as MHD-SYS and can also be used to validate experimental
results and numerical codes.
5.1 Existing MHD heat transfer correlations
There are several existing experimental and analytical correlations for heat
transfer in liquid metals, the applicability and limitations of which are now
detailed.
5.1.1 Experimental correlations
Heat transfer is commonly measured using the Nusselt number Nu. In
many non-trivial cases it is di cult to calculate the Nusselt number an-
alytically by determination of the velocity and temperature profiles. As
such an empirical correlation is used, usually a function of Reynolds and
Prandtl number. Such relations are integral to thermal-hydraulic systems
codes such as RELAP5-3D. Numerous Nu relations exist and each has lim-
ited applicability depending on the geometry, fluid type and flow regime
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being considered. Di↵erent correlations also apply depending on the nature
of the boundary conditions - constant temperature, constant heat flux etc.
It is therefore important that the correct correlation is selected for the given
application.
For liquid metals several correlations are available. Lyon [50], derived the
following equation for the case of turbulent single phase flow in a circular
pipe with uniform heat flux,
Nu = 7 + 0.025Pe0.8 (5.1.1)
whilst Seban and Shimazaki [71] and Subbotin [72] developed a similar
relationship for the uniform temperature case.
Nu = 5 + 0.025Pe0.8 (5.1.2)
Several other correlations exist but these seem to be the most common
and are employed in current systems codes such as RELAP5-3D for both
the turbulent and laminar forced convection cases. Notably, none of the
above consider the influence of an external magnetic field on the value of
Nu. Ji and Gardner [49] have performed a number of experimental studies
of turbulent flows in an electrically insulated circular pipe with a uniform
heat flux at the wall and an external uniform transverse magnetic field. By
plotting Nu vs Pe for values of Ha = 0 - 375 and applying a curve fitting
equation, they produced the following average Nu correlation as a function
of Pe and Ha.
Nu = 7 +
0.00782Pe0.811
[1 + 0.0004Ha1.5f(Pe)]
(5.1.3)
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where,
f(Pe) = (0.3 + 4.75⇥ 10 5Pe  2.10⇥ 10 9Pe2). (5.1.4)
Yokomine [73] and Blum [74] present empirical correlations for electrically
conducting fluids in MHD flow but these are applicable to molten salts such
as FliBe, rather than the significantly lower Prandtl number liquid metals.
The correlations presented above are used in MHD-SYS as approxima-
tions for the Nusselt number. As for all Nu relations, they have limited
applicability in terms of geometry and fluid type. All of the above were
developed for turbulent flow in circular tubes, not laminar flow in the rect-
angular ducts of interest in the blanket application. In addition, similar
restrictions apply to these heat transfer correlations as do for the pressure
drop relations presented in Chapter 4. Test loops such as that at IPUL using
PbLi [75], and JIHT RAS-MPEI [76] using representative fluids such as NaK
and mercury can provide some insight into MHD heat transfer behaviour.
The reproduction of the extreme conditions expected in an operating reactor
blanket simply cannot be recreated in a laboratory setting, and it is likely
that it will not be until the results of the Test Blanket Module programme
in ITER are returned that attempts can be made to determine accurate
empirical Nu relations.
5.1.2 Analytical correlations
Despite the existence of analytical solutions for the velocity profile, there
is as yet (to the authors knowledge) no corresponding solution to the heat
transfer problem for the Shercli↵ case (and indeed the Hunt cases). Solu-
tions do exist for certain limiting cases such as flow between parallel plates
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and flows in circular channels [16, 17]. The 1D heat transfer through the
Hartmann and side layers in Hunt flow has also been studied both analyt-
ically and numerically with a finite di↵erence code [18] but again this is a
limiting case.
Analytical solutions play an important role in providing significant in-
sight into the underlying physics, in the validation of numerical studies, as
well as providing approximate parameters for 1-D thermal-hydraulic sys-
tems codes. Analytical solutions also have the benefit of being much more
e cient to implement computationally, leading to more e cient generation
of solutions. Given the apparent lack of a suitable empirically determined
correlation for MHD duct flow, and the limitations of numerical solutions,
it is therefore desirable to attempt to compute an analytical solution. The
material presented here is based on a paper written by the author [77].
5.2 Analytical solution to MHD heat transfer in
Shercli↵ flow
Depending on the circumstances, the magnetohydrodynamic problem may
be simplified by assuming a laminar fully-developed flow with perfectly elec-
trically insulating walls. The problem then reduces to two coupled par-
tial di↵erential equations, whose solution was first obtained by Shercli↵ [9].
Shercli↵ obtained explicit analytical solutions for the velocity and magnetic
field profiles for this case and his work was subsequently extended to the
case of imperfectly and perfectly conducting walls by Hunt [12, 61].
This section details the extension of an analytical solution of the tempera-
ture profile in rectangular ducts for both the H1 and H2 heat transfer cases,
already well developed for the non-MHD case, to the electrically insulating
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wall MHD case (Shercli↵ flow).
5.2.1 Formulation of MHD heat transfer problem
Referring to Fig. 5.1, the momentum equation in a fully developed MHD
flow in a rectangular duct of size  adh  X  adh and  bdh  Y 
bdh (where dh is the hydraulic diameter), subject to an applied X-directed
magnetic field B0x is given by
⌫
✓
@2U
@X2
+
@2U
@Y 2
◆
  1
⇢
@p
@Z
+
1
⇢µ
@Bz
@X
B0x = 0 (5.2.1)
The flow of conducting fluid generates an induced magnetic field Bz, satis-
fying
1
µ 
✓
@2Bz
@X2
+
@2Bz
@Y 2
◆
+B0x
@U
@X
= 0 (5.2.2)
Where U is the velocity, ⌫ is the kinematic viscosity, µ the magnetic per-
meability, ⇢ the density and   the electrical conductivity of the fluid.
X 
Y 
dhb 
-dhb 
dha -dha 
Bx0
Figure 5.1: Duct coordinate system for heat transfer formulation
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Non-dimensionalising, by setting
x =
X
dh
, y =
Y
dh
, z =
Z
dh
(5.2.3)
u =
U
Um
(5.2.4)
where
Um =
1
A
Z
A
UdA (5.2.5)
and
h =
1
µ
1p
⇢⌫ 
1
Um
Bz (5.2.6)
one obtains
@2u
@x2
+
@2u
@y2
+Ha
@h
@x
=
Hg
Re
(5.2.7)
where
Ha = B0xdh
r
 
⇢⌫
(5.2.8)
and the Hagen number is defined as
Hg =
(@p/@Z) d3h
⇢⌫2
(5.2.9)
The no-slip condition requires that u = 0 at the wall. The induced magnetic
field h satisfies
@2h
@x2
+
@2h
@y2
+Ha
@u
@x
= 0 (5.2.10)
in the fluid region. For the Shercli↵ problem considered here, the induced
magnetic field vanishes at the wall. The solution to this problem is well
known, and is given in section 4.1.2 for this case.
In the following the energy equation is considered, which in steady state,
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fully developed flow, can be written as
⌫
Pr
✓
@2T
@X2
+
@2T
@Y 2
◆
= U
@T
@Z
(5.2.11)
For now, the equation is left in its dimensional form. The process of non-
dimensionalization di↵ers markedly between H1 and H2 cases and is dealt
with at the beginning of sections 5.2.2 and 5.2.3 for the H1 and H2 cases,
respectively.
5.2.2 Solution for H1 case - constant axial temperature
The H1 transfer case describes circumstances where the heat flux is uniform
in the axial direction and the wall temperature Tw is uniform in the periph-
eral direction. Under the conditions of fully developed Shercli↵ flow, it can
be assumed that
@T
@Z
=
dTm
dZ
= const (5.2.12)
where the bulk temperature Tm is defined as
Tm =
R
A UTdAR
A UdA
(5.2.13)
By non-dimensionalizing as before, with the non-dimensional temperature
profile t (x, y) being defined by
t =
T
(dTw/dZ) dh
(5.2.14)
Inserting these into equation (5.2.11) gives
@2t
@x2
+
@2t
@y2
= (RePr)u (5.2.15)
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The non-dimensional temperature profile t (x, y) can now be determined by
decomposing the solution into a particular integral and a general solution.
The following particular integral is obtained, which satisfies (5.2.15).
tp (x, y) = HgPr
1X
n=1
fn (x) cos ny (5.2.16)
where
fn (x) =
kn
 2nb
 
  1
 2n
  sinh pn2a cosh pn1x 
p2n1    2n
 
sinh (pn2   pn1) a
+
sinh pn1a cosh pn2x 
p2n2    2n
 
sinh (pn2   pn1) a
!
where pn1, pn2 and  n are defined in section 4.1.2. This expression vanishes
on the upper and lower walls (y = ±b), but does not vanish at x = ±a.
It can be easily shown that there is a general solution to the Laplace
equation on the same geometry, which vanishes on y = ±b, but is non-zero
on x = ±a:
tl (x, y) = HgPr
1X
n=1
(an sinh n (x  a)
+ bn sinh n (x+ a)) cos ny (5.2.17)
for constants an and bn. It is now required that tp + tl vanishes on x = ±a.
Using these expressions one can calculate an and bn as
an =
fn ( a)
sinh 2 na
(5.2.18)
bn =   fn (a)
sinh 2 na
(5.2.19)
Note also that fn ( a) = fn (a), so an =  bn.
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Given these results, one can re-dimensionalize and obtain the following
solution to equation (5.2.11) satisfying T = Tw at the boundary:
T (x, y) = Tw + dhHgPr
dTm
dZ
1X
n=1
gn (x) cos ny (5.2.20)
where
gn (x) = fn (x) +
fn (a)
sinh 2 na
(sinh n⇡ (x  a)  sinh n (x+ a))
from which the local Nusselt number Nun for a wall with unit normal n as
Nun =
dhn ·rT
(Tw   Tm) (5.2.21)
and the overall mean Nusselt number as
Nu =
dh
 
R
@A n ·rTds
(Tw   Tm) (5.2.22)
where   is the wetted perimeter.
5.2.3 Solution for H2 case - constant axial heat flux
The H2 transfer case describes circumstances where the heat flux is uniform
in the axial direction and is also uniform in the peripheral direction. An
analysis similar to [78] is now followed. The same magnetohydrodynamic
conditions arise as in the H1 case, but the treatment of the energy equation
di↵ers somewhat. Due to the uniform peripheral and axial heat flux q00 an
energy balance can now be performed:
q00 dZ = ⇢cpAUmdT (5.2.23)
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from which it follows that
@T
@Z
=
dTm
dZ
=
q00 
⇢cpAUm
=
4q00
⇢cpdhUm
(5.2.24)
In this case, defining the non-dimensional temperature profile as t (x, y) as
t =
k
q00dh
(T   Tm) (5.2.25)
Inserting these into equation (5.2.11) gives
@2t
@x2
+
@2t
@y2
= 4u (5.2.26)
The boundary conditions at the wall are
k
@T
@n
= q00 (5.2.27)
which take the non-dimensional form
@t
@n
= 1 (5.2.28)
Following [78] this equation is homogenized by defining ✓ (x, y) as
✓ (x, y) = t (x, y) 
✓
x2
2a
+
y2
2b
◆
(5.2.29)
115
Substituting for t into equation (5.2.26) and considering only one quarter
of the duct due to symmetry
@2✓
@x2
+
@2✓
@y2
= 4 (u  1) (5.2.30)
@✓
@x
= 0, on x = 0 (5.2.31)
@✓
@x
= 0, on x = a (5.2.32)
@✓
@y
= 0, on y = 0 (5.2.33)
@✓
@y
= 0, on y = b (5.2.34)
To solve this equation, one begins by considering the homogeneous form
and decomposing via a separation of variables approach. As shown in [78],
the solution to (5.2.30) is of the form
✓ (x, y) = X0 (x) +
1X
n=1
Xn (x) cos
⇣n⇡y
b
⌘
(5.2.35)
Substituting this expression into equation (5.2.30) gives
X 000 (x) +
1X
n=1
✓
X 00n (x) 
⇣n⇡
b
⌘2
Xn (x)
◆
cos
⇣n⇡y
b
⌘
(5.2.36)
= 4 (u (x, y)  1)
Considered as a Fourier series, the zeroth order term is the mean value of
the RHS of (5.2.36), so
X 000 (x) =
4
b
Z b
0
(u (x, y)  1) dy (5.2.37)
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which can be evaluated to give
X 000 (x) =  4
 
1 +
1
b
Hg
Re
1X
n=1
( 1)n
 n
un (x)
!
(5.2.38)
Following two successive integrations with respect to x,
X0 (x) =  2x2 + c1x+ c2
+
8
b2
Hg
Re
1X
n=1
1
 4n
✓
x2
2
  sinh pn2a cosh pn1x
p2n1 sinh (pn2   pn1) a
+
sinh pn1a cosh pn2x
p2n2 sinh (pn2   pn1) a
◆
(5.2.39)
It now remains to compute the Xn terms, which is achieved by applying an
orthogonality relation to equation (5.2.36) which gives
X 00m (x) 
⇣m⇡
b
⌘2
Xm (x) =
8
b
Z b
0
(u (x, y)  1) cos
⇣m⇡y
b
⌘
dy (5.2.40)
which can be written as
X 00m (x) 
⇣m⇡
b
⌘2
Xm (x) =
8
b
Hg
Re
1X
n=1
 mnun (x) (5.2.41)
where
 mn =
1
2
( 1)m+n 1
✓
1
 n   m⇡b
+
1
 n +
m⇡
b
◆
(5.2.42)
The solution to this equation is decomposed into the sum of a particular in-
tegral Xpm and a general solution, X
g
m, to the homogeneous form of (5.2.41).
The particular solution is given by
Xpm (x) =
1X
n=1
(amn + bmn cosh pn1x+ cmn cosh pn2x) (5.2.43)
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Substituting this into (5.2.41) and equating coe cients gives
amn =   8
m2⇡2
Hg
Re
kn
 2n
 mn (5.2.44)
bmn =   8
b2
Hg
Re
kn
 2n
sinh pn2a⇣
p2n1  
 
m⇡
b
 2⌘
sinh (pn2   pn1) a
 mn (5.2.45)
cmn =
8
b2
Hg
Re
kn
 2n
sinh pn1a⇣
p2n2  
 
m⇡
b
 2⌘
sinh (pn2   pn1) a
 mn (5.2.46)
The homogeneous solution of equation (5.2.41) is given by
Xgm (x) = dm sinh
m⇡x
b
+ em cosh
m⇡x
b
(5.2.47)
Substituting equation (5.2.47), (5.2.43) and (5.2.39) into (5.2.35), one can
obtain ✓ (x, y). Finally applying the remaining boundary conditions, giving
at x = 0,
c1 +
1X
n=1
dn
⇣n⇡
b
⌘
cos
⇣n⇡y
b
⌘
= 0) c1 = dn = 0 (5.2.48)
and at x = a,
1X
n=1
⇣
en
⇣n⇡
b
⌘
sinh
⇣n⇡a
b
⌘
+
1X
m=1
bnmpm1 sinh pm1a+ cnmpm2 sinh pm2a
!
cos
⇣n⇡y
b
⌘
= 0 (5.2.49)
So
en =   b
n⇡
P1
m=1 bnmpm1 sinh pm1a+ cnmpm2 sinh pm2a
sinh
 
n⇡a
b
  (5.2.50)
Combining these results one can obtain the following expression for t in
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terms of the coe cients:
t (x, y) = c2 +
✓
x2
2a
+
y2
2b
◆
  2x2 (5.2.51)
+
8
b2
Hg
Re
1X
n=1
1
 4n
✓
x2
2
  sinh pn2a cosh pn1x
p2n1 sinh (pn2   pn1) a
+
sinh pn1a cosh pn2x
p2n2 sinh (pn2   pn1) a
◆
+
1X
n=1
h
en cosh
n⇡x
b
+
1X
m=1
(anm + bnm cosh pm1x
+ cnm cosh pm2x)] cos
⇣n⇡y
b
⌘
It can be shown that as the Hartmann number tends to zero, this expression
tends to that given in [78].
It remains to compute the constant c2. The determination of c2 is achieved
by applying the following constraint proposed in [78]:
Z
A
utdA = 0 (5.2.52)
In that paper the authors justify this by demonstrating its application to a
circular geometry. In fact, this can be very easily proven as follows: From
(5.2.25) it is seen that
ut =
k
q00dh
U
Um
(T   Tm) = k
q00dhUm
(UT   UTm) (5.2.53)
Integrating over the cross-sectional area of the duct gives
Z
A
utdA =
k
q00dhUm
✓Z
A
UTdA  Tm
Z
A
UdA
◆
(5.2.54)
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From (5.2.5) and (5.2.13) it is seen that
Z
A
utdA =
k
q00dhUm
(AUmTm   TmAUm) = 0 (5.2.55)
and the constraint is proved. Once applied, this constraint determines c2
and hence the non-dimensional temperature field t. It is worth noting that
the dimensional temperature T is determined only up to an additive con-
stant, eg. T0, in the H2 case. However, such an additive constant is not
related to the constant c2 in equation (5.2.51). This is clear, firstly, from
the fact that having a temperature distribution T 0 = T + T0 where T0 is a
constant, then
T 0m =
R
A U (T + T0) dAR
A UdA
= Tm + T0 (5.2.56)
Equation (5.2.25), defining the non-dimensional temperature t is then left
unchanged since
t0 =
k
q00dh
 
T 0   T 0m
 
=
k
q00dh
(T + T0   Tm   T0) = t (5.2.57)
It can be concluded that adding a constant to the dimensional temperature
T , does not a↵ect t. Conversely, arbitrarily changing c2 clearly changes t.
Secondly, as now shown, the constant c2 cannot be disregarded, indeed, it
is closely related to a non-dimensional bulk temperature ⌧m. Let us write
(5.2.51) as t = c2 + ⌧ , then from the constraint (5.2.52),
0 =
R
A utdAR
A udA
=
R
A u (c2 + ⌧) dAR
A udA
= c2 +
R
A u⌧dAR
A udA
= c2 + ⌧m (5.2.58)
hence
c2 =  
R
A u⌧dAR
A udA
=  ⌧m (5.2.59)
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Thus, c2 is not free to choose; it is determined from the velocity field u and
the solution (5.2.51). Of course, once c2 has been obtained, the dimensional
temperature field T can be determined up to an additive constant, from
equations (5.2.25) and (5.2.51).
The local Nusselt number at the wall can be determined from
Nun =
dhn ·rT
(Tw   Tm) =
dhq00
k (Tw   Tm) =
1
tw
(5.2.60)
where tw is the non-dimensional temperature evaluated at the wall. In
accordance with [79] the mean Nusselt number is computed as the reciprocal
of the weighted mean wall temperature.
5.3 Results and discussion
5.3.1 H1 Case
Fig. 5.2 presents the temperature profiles along a section through a square
duct (a/b = 1) at y = 0, for a range of Hartmann numbers. There is clearly
the expected drop in temperature di↵erence with increasing Hartmann num-
ber as the flow velocity is increasingly suppressed. The Nusselt numbers are
computed for this case of uniform axial heat flux and uniform peripheral
temperature for a range of Hartmann numbers. Unlike the non-MHD case,
the profile of the flow field is not the same in both x and y directions. Indeed,
the profiles perpendicular to the Hartmann and side walls have significantly
di↵erent profiles, shown in [9]. One can view this in terms of individual
wall mean Nusselt numbers. In Fig. 5.3 it is seen that the mean Nusselt
numbers for a Hartmann wall (Nui) and a side wall (Nuj). As expected,
for low Hartmann numbers, the results converge to the non-MHD case with
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a value of 3.608 [78, 79]. Both Nusselt numbers increase significantly as the
electromagnetic forces begin to dominate the viscous forces (Ha > 1). The
Nusselt number for the Hartmann wall increases more rapidly (than that for
the side layer) due to the thinner boundary layer which is O
 
Ha 1
 
for the
Hartmann wall and O
⇣
Ha 
1
2
⌘
for the side wall. For large Ha, the velocity
profile in Shercli↵ flow exhibits a flat core region, the velocity of which is
asymptotically O
 
Ha 1
 
, as is shown in [9]. The wall shear stress is ap-
proximately the ratio of the core velocity to the boundary layer thickness,
and as such is asymptotically O (1) for the Hartmann wall. As a result,
Nui reaches a plateau for large Ha and the heat transfer rate saturates, in
general agreement with Blum et al. [16] for the case of a circular duct.
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Figure 5.2: Temperature profiles across the midsection of a square duct
The e↵ect of duct aspect ratio is now considered in the case of b > a.
In Fig. 5.4 the overall mean Nusselt number (ie. the wall length-weighted
sum of the wall Nusselt numbers) vs Hartmann number is presented for
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Figure 5.3: Mean Nusselt number vs Hartmann number
a range of aspect ratios. In all cases the results reduce to the non-MHD
case for Ha = 0, as shown in Table 5.1, where good agreement is obtained
with other solutions. As expected, beyond Ha = 1, the electromagnetic
forces dominate the viscous forces. As b/a increases, the heat transfer is
increasingly dominated by the relatively long Hartmann wall. The larger the
aspect ratio, the more the heat transfer from the Hartmann wall dominates
the heat transfer from the side wall and the steeper the rise in Nu. For large
b/a, a clear plateau is reached as the heat transfer rate at the Hartmann
wall saturates.
Alternatively, one could consider aspect ratios where a > b. These re-
sults are shown in Fig. 5.5. In this case, as a/b increases, the length of the
Hartmann wall reduces relative to the side wall. The contribution to heat
transfer by the Hartmann walls reduces with increasing aspect ratio, becom-
ing dominated by the heat transfer through the side walls. For small Ha,
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the shear stress at the side wall is essentially entirely due to viscous forces.
As Ha increases, a Shercli↵ layer develops at the side wall, of thickness
O
⇣
Ha 
1
2
⌘
. Once this layer becomes thinner than the normal hydrodynamic
viscous layer, the shear stresses increase and increase the heat transfer. As
the aspect ratio decreases further (for a fixed dh), the shear stresses at the
side wall due to the viscous forces must increase. These stresses are then
only exceeded for a correspondingly thinner Shercli↵ layer and, inter alia, a
larger Ha. This is seen clearly from Fig. 5.5, where the onset of the MHD
e↵ect is progressively delayed for increasing aspect ratio. The slope of the
curves in Fig. 5.5 are worthy of note: The Hartmann wall, with its higher
wall shear stresses, provides better heat transfer per unit length than the
side wall. The contribution of the Hartmann wall to overall heat transfer is
dominant in the case of a square duct, resulting in a steep increase in Nu as
Ha increases. As the aspect ratio increases, the Hartmann wall contributes
less to the overall heat transfer and Nu increases as a function of Ha at
a progressively slower rate, dictated by heat transfer through the side wall
(see Fig. 5.3). This accounts, for instance, for the intersection of the cases
a/b = 1 and a/b = 2.
Table 5.1: Comparison of Nu from literature against this paper for H1 case
for Ha=0
Aspect RatioShah and London [80]Wang [81]This Paper
1 3.608 3.6079 3.6068
2 4.1233 4.1233 4.1220
4 5.3311 5.331 5.3289
6 6.0495 6.0494 6.0464
8 6.4903 6.4903 6.4864
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Figure 5.4: Overall Nusselt number vs Hartmann number for various aspect
ratios (b > a) for the H1 case
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Figure 5.5: Overall Nusselt number vs Hartmann number for various aspect
ratios (a > b) for the H1 case
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5.3.2 H2 Case
The expression for the H2 case involves numerous ratios of hyperbolic func-
tions. For small aspect ratios and small Hartmann numbers, this expansion
is used in its standard form and results are computed in MATLAB. For
higher aspect ratios and Hartmann numbers, the arguments of these hyper-
bolic functions become large. This results in numerical errors and ultimately
computational failure as the numbers involved exceed the normal machine
precision. For such cases it is important to group these ratios and evaluate
them by taking logarithms.
The e↵ect of duct aspect ratio in the case of b > a is now considered.
In Fig. 5.6 the overall mean Nusselt number vs Hartmann number is pre-
sented for a range of aspect ratios. Note that the e↵ect of aspect ratio is
significantly reduced in the H2 case, relative to the H1 case, with Nu ⇡ 3.
In all cases the results reduce to the non-MHD case for Ha = 0, as shown
in Table 5.2, where again good agreement is obtained with other solutions.
The heat transfer is largely dominated by the Hartmann wall and the Nus-
selt number increases with Ha. The larger the aspect ratio, the more the
heat transfer from the Hartmann wall dominates the heat transfer from
the side wall and the steeper the rise in Nu. Again, for large b/a, a clear
plateau is reached as the heat transfer rate at the Hartmann wall saturates.
For small Ha, the Nusselt number decreases as the aspect ratio increases.
However the heat transfer rate through the Hartmann wall increases more
rapidly for high aspect ratios, as evidenced by the steeper gradient between
Ha ⇡ 10 and Ha ⇡ 100. Alternatively, one can consider the aspect ratio
where a > b. These results are shown in Fig. 5.7. In this case, as the
aspect ratio increases, the length of the Hartmann wall reduces relative to
the side wall. Note also that the contribution to heat transfer of the Hart-
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Figure 5.6: Overall Nusselt number vs Hartmann number for various aspect
ratios (b > a) for the H2 case
mann wall reduces with increasing aspect ratio in this H2 case. The general
increase in Nusselt number with Ha is clear. However, for increasing aspect
ratio, a minimum develops. This is an interesting feature and deserves some
explanation.
Table 5.2: Comparison of Nu from literature against this paper for H2 case
for Ha=0
Aspect RatioSpiga and Morini [82]Wang [81]This Paper
1 3.091 3.0873 3.0871
2 3.022 3.0192 3.0187
4 2.935 2.9326 2.9315
6 - 2.9126 2.9102
8 2.909 2.9074 2.9031
In Fig. 5.8 the velocity profile for a modest Hartmann number (Ha = 1)
is shown, where MHD e↵ects are negligible. The profile is relatively uniform
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over much of the x-direction. At Ha = 25, shown in Fig. 5.9, which cor-
responds to the minimum Nusselt number, Hartmann layers are developing
along the shortest sides, but crucially the velocity profile in the x-direction
becomes non-uniform and in particular velocity is suppressed near the short
sides. The reasons for this are clear from Fig. 5.11 which shows the mag-
netic field in this orientation. The contour lines also represent the current
paths and it is clear that for low to modest Ha, that there is little or no
current near the centre and concomitantly low velocity suppression. This is
in marked contrast to the vertical orientation (b > a) shown in Fig. 5.12.
The e↵ect of this is a suppression of the shear stress along the Shercli↵
walls near these shorter sides. Since the Hartmann walls are short with this
aspect ratio, the heat transfer is dominated by the Shercli↵ layers and the
high shear stresses in the Hartmann layers contribute little to the overall
heat transfer. It is not until the Hartmann number increases su ciently to
produce a narrow Shercli↵ layer along the long side, that uniformity in the
core region is re-established (shown in Fig. 5.10) and the subsequent high
shear stress in the Shercli↵ layer, gives rise to increased heat transfer for
Ha = 1000.
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Figure 5.7: Overall Nusselt number vs Hartmann number for various aspect
ratios (a > b) for the H2 case
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Figure 5.8: Velocity profile for Ha=1, a/b=8
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Figure 5.9: Velocity profile for Ha=25, a/b=8
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Figure 5.10: Velocity profile for Ha=1000, a/b=8
5.4 Chapter summary
This chapter reviews the current methods used to quantify MHD heat trans-
fer in this manner and highlights their limitations. A solution to the heat
transfer problem for MHD flow in rectangular ducts with electrically insu-
lated walls subject to a transverse magnetic field is developed and solved
analytically for both H1 and H2 heat transfer cases. To the authors knowl-
edge these results are new. Nusselt numbers are computed and show the
expected results - notably convergence to the well known non-MHD values
at low Hartmann number and saturation for high Hartmann number. In-
terestingly, in the H2 case for large aspect ratios where a > b, the Nusselt
number has a minimum as a result of the distorted velocity distribution.
The analytical solutions developed here should provide the basis for exten-
sion to ducts with conducting walls via Hunt’s solution and for cases with
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non-uniform temperature and heat flux boundary conditions.
The results presented in this chapter should prove useful for the validation
of numerical codes where heat transfer e↵ects are important, particularly in
the design of liquid metal based fusion blankets, and will provide enhanced
capability for systems codes such as MHD-SYS.
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Figure 5.11: Induced magnetic fields, a/b=8
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Chapter 6
Code coupling for MHD
applications
Previous chapters have covered the development of a thermal-hydraulic sys-
tems code with MHD capability, MHD-SYS, and analytical solutions from
which correlations can be derived for application in the systems code. In this
chapter an open source CMHD solver, mhdFoam, based on the induction
method is introduced and methods of coupling this solver to the MHD-SYS
code are developed. The new coupled MHD solver is applied to simple test
cases of relevance to the fusion blanket application to check its performance
is satisfactory.
6.1 Computational MHD solvers
There are a number computational MHD (CMHD) solvers available, rang-
ing from commercial packages such as ANSYS-CFX and STAR-CCM+, to
specialist research codes such as HiMAG. Reviews of these packages have
highlighted their relative strengths and weaknesses [34]. For the code cou-
pling application considered here, flexibility and access to the source code
have been deemed to be a priority, in addition to MHD capability.
The OpenFOAM CFD package [83] consists of a number of standard
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solvers with a range of applications. Given its open source nature, Open-
FOAM is an attractive platform for research as any necessary modifications
to the source code can be easily implemented and controlled. This enables
additional capability to be built into the standard solvers (such as protocols
for code coupling) or the development of bespoke solvers from scratch.
For the simulation of MHD flow in ducts, either via the built-in mhd-
Foam CMHD solver or ad-hoc codes, it has been shown to provide a robust
platform, overcoming the issues with stability and convergence of solutions
shown by some commercial codes at high values of Hartmann number. Most
recent numerical blanket MHD studies use OpenFOAM as the CMHD plat-
form and a number of novel advanced solvers have been developed that lend
themselves to the fusion MHD application.
6.1.1 Induction equation solver (mhdFoam)
The current standard distribution of the OpenFOAM package is supplied
with an MHD solver based on the solution of the induction equation, as
presented in Chapter 2.4.1. The ’mhdFoam’ solver can be used to solve for
the incompressible, laminar, flow of a conducting fluid under the influence
of an externally applied magnetic field. It assumes that the fluid’s viscosity,
electrical conductivity, and magnetic permeability are constant. The fi-
nite volume method solver resolves the fully coupled Maxwell-Navier Stokes
equations with a modified PISO algorithm. The algorithm is actually split
into a standard PISO section, to solve for the fluid velocity, and a ’BPISO’
section that solves both for the cell-centre magnetic field ’B’, as well as face-
fluxes for ’B’. The mhdFoam solver has been validated extensively against
the analytical solutions obtained by Shercli↵ and Hunt and its performance
restrictions quantified [34, 84]. To avoid unphysical oscillations of velocity
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near the walls requires a highly refined mesh (and hence very small time
step values). As such analyses with mhdFoam are limited to Hartmann
numbers of < 500. This is clearly below the fusion relevant range of ⇡ 104.
The solver also has certain restrictions with regards to the electromagnetic
wall boundary conditions that can be used for 3D flows. The aim of the
study presented in this thesis is to prove the principle that a systems code
such as MHD-SYS can be successfully coupled to a CMHD solver. As such,
in this context these restrictions are recognised and it is deemed acceptable
to use mhdFoam. This does not preclude the use of alternative solvers, as
discussed below.
The standard mhdFoam solver solves for only the fluid momentum, with
no consideration of the energy equation and resulting temperature field. In
order to provide a means to study the e↵ect on temperature of the MHD
modified flow, the energy equation was added to the solver. It is assumed
throughout this proof of principle study that the contribution of Joule heat-
ing is negligible and hence the relevant term is omitted. A new transport
property for thermal di↵usion ’DT’ was created and a scalar field ’T’ added
to the existing fields. Thermal di↵usion can be defined as
DT =
 
⇢Cp
(6.1.1)
Using this definition and assigning a scalar face flux, equation (2.2.3) can
be rewritten as
@T
@t
+r · ( T ) r · (DTrT ) = 0 (6.1.2)
This represented in OpenFOAM syntax can be written as
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fvScalarMatrix TEqn
(
fvm::ddt(T)
+ fvm::div(phi ,T)
- fvm:: laplacian(DT, T)
);
TEqn.solve( );
As temperature is dependent on the velocity field, the energy equation is
added after the PISO and BPISO loops.
6.1.2 Alternative solvers based on electric potential method
The mhdFoam solver employs the magnetic induction formulation which has
a number of documented issues concerned with 3D boundary conditions and
stability and convergence issues at the values of Hartmann number encoun-
tered by fusion blanket cooling channels. These limitations are overcome
by the alternative electric potential formulation and several solvers using
methods based around this formulation are under development (such as
epotFOAM) and have been widely used for a number of blanket geome-
try simulations. The use of mhdFoam in this study does not preclude the
use of alternative solvers such in the future development of the coupling
methodology, and indeed this is encouraged.
Solvers that are more suited to high Hartman number applications [85]
have been developed, based on the electric potential formulation presented
in Chapter 2.4.2. Such codes have been applied successfully to U-bend and
other complex geometries in the fusion blanket application [37].
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6.2 Code coupling for MHD applications
A coupled systems code - CMHD solver is now developed using MHD-SYS
and mhdFoam. Given the availability of the source code for each program
and the requirement for flexibility, the coupling is achieved directly via TCP
sockets. MHD-SYS acts as the master code or server, with mhdFoam the
slave, or client. The coupling is achieved via an explicit scheme. Several
simple test cases are considered to check the performance of the coupled
solver.
6.2.1 Data exchange protocols
There are a number of options for transferring data between programs. Per-
haps the most basic method is the file transfer protocol (FTP), where data
is written from one program to a text file to be read by a second program.
Generally, this process is rather slow and ine cient for applications where
many data exchanges are occurring and optimisation of run time is of the
essence, as it is here. More e↵ective transfer of information can be achieved
using sockets, the type of communication tool used by the Internet. As
discussed below, sockets have a number of attractive features which lend
themselves to the code coupling application.
6.2.1.1 BSD sockets
Berkley sockets, available as part of the Berkley Software Distribution (BSD),
are a standard method for executing inter-process communication between
programs and/or separate computers. BSD sockets form a computing li-
brary with an associated Applied Programming Interface (API).
The BSD sockets API is written in the C++ programming language.
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Other codes, such as Fortran 90, can be interfaced with the sockets using
an appropriate wrapper library.
A socket is essentially one end of a communication channel between two
separate processes. The ’channel’ through which information is exchanged
between the two sockets is known as a ’port’. Sockets use either the User
Datagram Protocol (UDP) or Transmission Control Protocol (TCP). UDP
sockets send information in datagrams or packets whilst TCP sockets stream
data using a client/server model. The server controls the process of data
transmission to and from the client. It is TCP sockets that are utilised in
this study as they are considered to be more reliable that UDP sockets,
through which if data is lost in some manner, provide no knowledge of this
to the sending code. TCP sockets are also more suited to cases where there
is multiple data being sent between client and server. In the application
considered here it could be imagined that the systems code would act as
the server with the CMHD code being the client.
In this regime, the client requires knowledge that the server exists and
the address of the server in order to make a connection. The server does not
need to know that a client exists in order for the process to begin. The client
and server establish their own separate sockets and begin communications
through a number of system calls as follows.
The server creates a socket using the socket() system call. In order for
the client to be able to connect to the server, the server needs to be assigned
an address. For TCP sockets using the ’internet address domain’ this takes
the form of a port number on the host machine, which is a 16 bit unsigned
integer. It should be ensured that the chosen port number is large (above
2000) to avoid conflict with the lower numbers used for standard services on
Unix/Linux machines. Once the port number and host machine name have
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been specified as an address this needs to be assigned to the socket using
the bind() system call. The client code now has the information it needs
to connect to the server, and the server can now be ordered to listen for
incoming client communications, using the listen() system call. If upon
listening a communication is made from a client, the server can accept the
attempted connection by issuing the accept() system call. If a connection
is yet to be established this call is blocked.
The client similarly creates a socket using the socket() system call. The
newly established socket now requires a connection to the server, which is
achieved using the address of the server and the connect() system call.
Once a connection is established data can be exchanged between the client
and server via their respective sockets and the common port address. This
is achieved using standard Unix/Linux read() and write() system calls.
To summarise, the protocol that will be used to couple MHD-SYS and
mhdFoam will be TCP stream sockets in the internet address domain, with
MHD-SYS acting as the server and mhdFoam the client.
6.2.2 Coupling schemes
Coupling directly via TCP sockets appears to be the most e cient method
for passing the data required between the MHD-SYS and mhdFoam model.
This coupling method has been demonstrated in several non-nuclear appli-
cations including work done by Ogata et al [86]. The methodology is not
limited by third party software restrictions and it should prove relatively
straightforward to include other physics models such as structural analysis
and neutron kinetics in the simulation if and when required.
There are a number of di↵erent coupling schemes that can be used that
di↵er in terms of the data that is passed between codes and when these
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exchanges are performed.
In an explicitly coupled solver all the relevant data is passed at the be-
ginning of each time step. Strictly speaking momentum is not conserved
with this method, since each code does not have all of the required infor-
mation to calculate the (u ·r)u convection term at the boundary of each
simulation. The error arising from this is significant when a large velocity
gradient is present. In semi-implicit coupling the pressure boundary condi-
tion calculated from the previous time step, and velocity information from
the current time step is used. This enhanced numerical stability but the
algorithm involved is more complex. As explicit coupling has been demon-
strated to be successful in previous studies [47], providing the time step
restrictions are adhered to in order to ensure stability, this scheme will be
used for the purposes of this study.
The coupling scheme used is illustrated in Fig 6.1. As described previ-
ously, MHD-SYS acts as the server and mhdFoam as a client. Note that,
in principle, there can be a number of client instances, but for the purposes
of this study a single instance will be considered. As the ’master’ code,
MHD-SYS will solve for the whole system in question, whilst mhdFoam will
solve for a chosen subsection, usually where more details of the thermal-
hydraulics are required. At each step of MHD-SYS, an estimation of the
velocities, pressures and temperatures is computed on the ducts (using the
previous time step’s junction velocities and pressures/temperature drops).
This is an explicit coupling calculation, in that information is exchanged
between the codes at the start of the master code’s (MHD-SYS) time step.
The appropriate junction velocities, temperatures and pressures are then
passed to mhdFoam, where their values are applied appropriately to the as-
sociated boundary patch as boundary conditions. The mhdFoam instance
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Figure 6.1: Coupled code data flowchart
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then steps forward in time until the MHD-SYS time step is reached. During
this process MHD-SYS waits until mhdFoam has performed its calculation.
The averaged pressures (and hence pressure drops) and averaged velocities
and temperatures (and hence temperature drops) at the relevant patches
are then computed and passed to MHD-SYS. These are then used in MHD-
SYS to compute corrected duct velocities, pressures and temperatures at
the same time step, and the process is repeated. The solution is judged
as being converged when a global quantity, in this case the average pres-
sure at a specific patch, does not vary. In order to achieve convergence of
the coupled solution it is necessary to choose an appropriate time step size
for each constituent code. Coupled solvers can be run either, synchronous
or asynchronous. In a synchronous solver the time step size for each con-
stituent code is kept identical. This method can be employed when the
CMHD model uses a coarse mesh. It is usually the case however, that the
CMHD model requires a fine mesh due to the resolution of pertinent details
in the flow/thermal field. This places a restriction on the size of time step
used in order to avoid violation of the Courant-Friedrichs-Lewy condition,
which states that the Courant number, C, should be of the form,
C =
u t
 x
 Cmax (6.2.1)
where u is the fluid velocity,  t is the time step size and  x is the minimum
cell size of the grid. For explicit, time-marching solvers, such as the finite
volume based mhdFoam, Cmax<1 in order to ensure numerical stability. In
order to ensure that this condition is met, the time step size needs to be
controlled. If a fine grid is to be used in the CMHD model this forces the
time step size of the CMHD simulation to be reduced compared to that for
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the systems code simulation. As a result, the CMHD solver performs many
smaller time steps during the larger systems code step. When this scheme
has to be employed, the coupled solver is referred to as asynchronous.
The exact manner in which the coupling processes described are estab-
lished and controlled by each code will now be discussed.
6.2.3 Data transfer structures in MHD-SYS & mhdFoam
In order to achieve coupling between the codes via the TCP socket technique
described above, it is necessary to embed several commands within each
code to facilitate transfer of data.
The implementation of the processes shown in 6.1 will now be described
in more detail. As shown in 6.1 all data for the simulation in terms of
transport properties and initial conditions is specified in an ’input deck’
within MHD-SYS. This data is transferred to mhdFoam via an initial ’call
duct input’ command at the start of the run. When invoked the U, p, B, T
and pB initial condition files are generated in the mhdFoam case directory
based on this data. The mhdFoam solver calculation is started via a second
’call TCP’ command. This invokes a tcp coupling module that sets up
the port and respective socket for the run and calls the mhdFoam solver.
Before the time step calculation loop in the mhdFoam solver the socket file
descriptor is specified and connection to MHD-SYS via the port-socket link
is made and transfer of data can begin.
At the start of the time step loop, mhdFoam reads the MHD-SYS time
step value, This is required to judge when to read and write data from
MHD-SYS (reads input at start of MHD-SYS time step and writes calcu-
lation output once the required number of mhdFoam time steps have been
performed and the MHD-SYS tilmestep value has been reached.
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On receipt of the time step value mhdFoam proceeds with its time step it-
eration loop. The inlet and outlet boundary conditions are read from MHD-
SYS and applied appropriately to the respective inlet and outlet boundary
patches. This occurs at the start of each MHD-SYS time step so that the
boundary conditions are updated as required by the coupling protocol. Once
all the inlet and outlet boundary conditions are set, the calculation loop can
proceed. In mhdFoam this consists of a PISO loop and a B-PISO loop to
resolve the magnetic field. The energy equation has been added to the solver
given that temperature is an important consideration in this work, and this
is the final element of the calculation.
The role of the mhdFoam solver within the coupled simulation, as far as
MHD-SYS is concerned, is to characterise junctions, i.e. complex compo-
nents, in terms of the pressure and temperature di↵erences across them.
Once the calculation loop is complete, the mhdFoam solver uses the pres-
sure and temperature values obtained at the relevant boundaries and av-
erages them over the corresponding boundary patch. This enables their
area averaged values to be used to calculated the appropriate pressure and
temperature di↵erences for transfer to MHD-SYS. The values are written
to MHD-SYS once the mhdFoam time value is equal to that of MHD-SYS.
This is the final procedure in the mhdFoam time step loop. MHD-SYS up-
dates the pressure and temperature di↵erences for the particular junction
with the values calculated by mhdFoam and the process is repeated.
6.3 Validation of coupled solver
In order to test the coupled solver, several cases were proposed with a view to
reflecting the common geometries found in a fusion blanket, namely straight
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ducts and U-shaped bends. The e↵ect of these geometries on the momen-
tum of the fluid, quantified by the pressure drop, was considered, and the
heat transfer to the fluid from an external heat source was captured by con-
sidering the rise in fluid temperature due to an external heat source as it
passed through the system.
6.3.1 Straight rectangular duct
A simple method of testing that the coupling scheme works is to look at the
steady state, laminar flow of a conducting fluid through a long, straight,
rectangular duct, subject to an external transverse magnetic field. There
are several methods of modelling this trivial seeming test case with the codes
developed which serve the purpose of testing the coupling methodology out-
lined in the previous section. Initially the e↵ects of MHD on momentum
alone will be studied, and following this the simulation of the thermal be-
haviour of the fluid will be assessed.
The test proposed compares the results of three models of the duct. In
the first instance, MHD-SYS alone is used to model the 3-duct system,
joined by simple junctions forming in e↵ect one long duct, as in Fig. 6.2a.
Next mhdFoam alone is used to model an equivalent length duct, as in
Fig. 6.2b. In the final case, the coupled approach is used. For the purposes
of testing the coupled solver, the duct can be considered as a ’system’ of 3
ducts joined together to form a single long duct. Here, the first and third
ducts are modelled with MHD-SYS, and the central duct is replaced by an
equivalent mhdFoam model, as shown in Fig. 6.2c. This enables the transfer
of data between the systems code and the CMHD code to be checked.
The duct geometry is shown schematically in Fig. 6.3 and parameters
for the case are given in Table 6.1. These were selected to reflect those
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Figure 6.2: 3-duct problem schematic
typical of fusion blankets whilst keeping the Reynolds number low to keep
the flow regime laminar, and the Hartmann number below 500 given the
limitations of the mhdFoam solver [34]. The magnetic field is applied in
the transverse z-direction in each case. For the purposes of these tests,
the magnetic boundary condition at the duct walls is assumed to be of
the Neumann type, with dB/dn = 0, corresponding to infinitely conducting
walls. This is applied as the zeroGradient condition to the relevant patches
in the mhdFoam ’B’ file. The time step size for each code was kept equal
for each run. The first test that is performed is a study of the total pressure
drop down the duct(s). In principle, the total pressure drop for each test
case should be equal. Firstly the normal hydrodynamic pressure drop is
computed, i.e the external magnetic field is set to zero. Then tests are
performed for field values of B = 0.5 and 1.0T.
The full length duct (L = 1.5m) is modelled with mhdFoam before a
smaller (l = 0.5m) section is modelled for the coupled simulation. For the
zero field case, a uniform hexahedral mesh is used, with 40 x 40 cells in the
duct cross section. A non-uniform hexahedral mesh is used for Hartmann
numbers 0.5 and 1.0, consisting again of 40 x 40 cells but with grading in
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Table 6.1: Geometry and parameters used for 3-duct problem
Units Value
Fluid properties
⇢ kgm 3 9758
  Sm 1 0.77e6
⌫ Pa.s 1.7e-7
k Wm 1K 1 14.5
Initial conditions
Vin ms 1 0.01
Pout Pa 0
B T 0/0.5/1.0
q” kWm 2 14.5
Geometry
2a m 0.01
2b m 0.01
L m 1.5
l m 0.5
tw m 0.005
Computational parameters
 T - MHD-SYS s 0.01
 T - mhdFoam s 0.001
Mesh
B=0
graded (1 1 1)
grid 150 40 40
No. cells 240,000
grid (coupled) 50 40 40
No. cells (coupled) 80,000
B>0
graded (1 -10 -20)
grid 150 40 40
No. cells 240,000
grid (coupled) 50 40 40
No. cells (coupled) 80,000
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Figure 6.3: Duct geometry used for coupled simulations
the duct cross section, creating an ’inflated’ mesh to resolve the side and
Hartmann layers. In order to achieve this the simpleGrading feature is em-
ployed in the blockMeshDict file in the mhdFoam case setup and the com-
mand blockMeshDoubleGrading is performed when building the mesh. The
duct cross section view of such a mesh is shown in Fig. 6.4. The grading is
higher in the direction normal to the Hartmann layers due to their very small
thickness, of the order of  Ha=O(Ha 1), compared with  S=O(Ha 0.5) for
the side layers. After a mesh convergence study, consisting of refining the
mesh in the duct cross section until the average pressure on the inlet patch
was constant, the chosen mesh was deemed to be adequate for the study
in question given the demands on computational resources. The velocity
contour plot shown in Fig. 6.5 for the case of ordinary hydrodynamic flow
with zero applied magnetic field exhibits a substantial entrance region of
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Figure 6.4: Duct cross section view of graded mesh used for cases with ex-
ternal magnetic field, showing refinement of side and Hartmann
layers in y and z directions respectively.
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developing flow at the inlet of the CMHD duct model. This can be seen
more clearly in the magnified view shown in Fig. 6.7. This is a source of
error, particularly for the coupled simulations where the region takes up a
higher proportion of the length of the duct. In order to accurately account
for this in the coupled model, two approaches could be taken. A slightly
longer duct could be modelled, allowing the fully developed section to be
equal to the length of the duct actually required. As a result readings for
pressure and temperature could be taken in this fully developed section.
This approach would result in an increase in the number of cells required to
resolve the fluid model, adding to computational resource. Alternatively, a
fully developed inlet velocity profile could be applied at the entrance of the
duct, imposing a fully developed condition onto the mhdFoam model.
When an external magnetic field is applied, leading to MHD flow, this
entrance region shrinks considerably, as seen in Figs. 6.6 and 6.8, and as a
result the inlet flow approaches a fully developed MHD type profile. This
is a well known phenomena and has been studied extensively [87, 88]. In
e↵ect for the code coupling application, the magnetic field produces a more
accurate inlet boundary condition. As a result, for the purposes of this
study the e↵ect of the entrance region has been neglected.
Figure 6.5: Velocity contour plot for mhdFoam portion of coupled case
B = 0T, Ha = 0, Re = 588.
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Figure 6.6: Velocity contour plot for mhdFoam portion of coupled case
B = 1.0T, Ha = 108, Re = 588.
Figure 6.7: Magnified velocity contour plot showing entrance region for case
B = 0T, Ha = 0, Re = 588.
Figure 6.8: Magnified velocity contour plot showing shortened entrance re-
gion for case B = 1.0T, Ha = 108, Re = 588.
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Figs. 6.9, 6.10 and 6.11 compare the axial pressure drops along the duct(s)
calculated by each code for magnetic field strengths of B = 0, 0.5 and 1.0T.
The axial pressure drop is the di↵erence between the average pressures at
the inlet and outlet boundaries of each duct. For the standalone MHD-SYS
case and the coupled solver, this value has been calculated for each of the
3 duct segments to give a total overall pressure drop in the full duct. It
is seen that there is good agreement between the coupled and standalone
cases in terms of pressure drop.
Fig. 6.9 shows that for cases with zero applied field, there is a marked
di↵erence between the total pressure drop calculated by the codes. Specifi-
cally, the mhdFoam and coupled solvers give a higher value of pressure drop
when compared to the standalone MHD-SYS calculation. The pressure gra-
dient in the first and final ducts calculated by the coupled solver follows that
of the MHD-SYS equivalent. In the central duct however, the gradient is
higher, more so than the mhdFoam standalone case. It is thought that this
is a result of the large entrance region dominating the pressure drop in the
central duct.
When a magnetic field is applied, as in Figs. 6.10 and 6.11, the first
noticeable e↵ect is that the value of the total pressure drop increases greatly,
as the MHD e↵ect starts to dominate that of the ordinary viscous pressure
drop. The error between solutions also seems to be smaller. In order to
investigate this further the percentage error between the codes for increasing
field strength will now be compared.
Referring to Fig. 6.12, the largest error between codes occurs for the
case with zero applied magnetic field, with a value of total pressure drop
calculated by the coupled solver to approximately 10% of that given by the
standalone MHD-SYS case and to within 0.2% of the standalone mhdFoam
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Figure 6.9: Axial pressure drop for straight duct case with zero external
magnetic field, Ha = 0, Re = 588, calculated by coupled code
in comparison to constituent codes alone.
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Figure 6.10: Axial pressure drop for straight duct case with uniform trans-
verse external magnetic field B = 0.5T, Ha = 54, Re = 588,
calculated by coupled code in comparison to constituent codes
alone.
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Figure 6.11: Axial pressure drop for straight duct case with uniform trans-
verse external magnetic field B = 1.0T, Ha = 108, Re = 588,
calculated by coupled code in comparison to constituent codes
alone.
value. The mhdFoam models capture the contribution to pressure drop of
the shear layers at the duct walls and in the entrance region of the duct.
As a result the value calculated by the coupled solver is much closer to that
of the standalone mhdFoam case because the central portion of the cou-
pled model is represented by mhdFoam, increasing the pressure drop when
compared to the standalone MHD-SYS model. When a magnetic field is
applied, the error between the coupled solver and each of the standalone
solvers is significantly lower, and reduces as the field is increased. At a
value of B = 1.0T the coupled code result agrees to approximately 0.06%
of that given by the standalone MHD-SYS case and to within 0.6% of the
standalone mhdFoam value. As described above, the entrance region be-
comes much shorter as the magnetic field strength is increased. In addition,
the pressure drop dominates the ordinary viscous pressure drop. The cou-
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pled solver result now sits closer to that for the standalone MHD-SYS case
as the error between the MHD-SYS and mhdFoam solutions has reduced
and MHD-SYS represents a higher proportion of the coupled model. These
results give confidence that the chosen coupling methodology works for the
MHD modification of momentum. As the development of the mhdFoam
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Figure 6.12: Percentage error in pressure drop calculation between coupled
and individual codes for straight duct case, B = 0, 0.5, 1T;
Ha = 0, 54, 108; Re = 588.
solver included the implementation of the fluid energy equation, the simula-
tion of the thermal behaviour of the fluid in each of the above cases can be
evaluated. A heat flux boundary condition is applied to the duct wall per-
pendicular to the applied magnetic field, replicating the situation occurring
in a blanket module subject to a heat flux associated with the plasma, and a
toroidal magnetic field. The solid region of the duct walls is not considered
in the calculation as it is beyond the scope of this solver. It is assumed that
the fluid transport properties remain constant.
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Figure 6.13: Axial temperature variation for straight duct case with zero
external magnetic field, Ha = 0, Re = 588, and applied con-
stant heat flux calculated by coupled code in comparison to
constituent codes alone.
Figure 6.14: Temperature contour plot for straight duct coupled case,
B = 0T, Ha = 0, Re = 588.
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Figure 6.15: Percentage error in temperature di↵erence calculation be-
tween coupled and individual codes for straight duct case,
B = 0, 0.5, 1T; Ha = 0, 54, 108; Re = 588.
It is seen from Fig. 6.13 and 6.14 that the implementation of the energy
equation in the coupled solver is successful, with the results form the coupled
solver agreeing favourably with those of the constituent solvers. This is
emphasised in Fig. 6.15, which shows the small degree of error between
each simulation. Several further simulations were run for cases with applied
fields and it was found that, much like the measurement of pressure drop,
that the error between the codes decreases with increasing magnetic field
strength. Again, it is thought that this is due to the reduction in the
influence of the entrance region. It is proposed that further tests are carried
out to capture this behaviour fully.
Now that the performance of the coupled solver has been tested on the
straight duct problem it is appropriate to perform further tests on more
realistic junction geometries.
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6.3.2 U-bend
The U-bend geometry is commonly used to connect adjacent flow channels in
blanket systems. Under certain electromagnetic and flow regimes it is likely
that this geometry will lead to a higher pressure drop than the equivalent
length straight duct due to form losses. At high values of magnetic field
strength there is likely to be suppression of turbulence, and therefore values
for pressure drop will be similar to those for a straight duct of equivalent
length.
MHD-SYS 
O
penFO
A
M
 
MHD-SYS 
Figure 6.16: U-bend problem schematic
The case was set up in the same manner as for the previous simulations.
For the standalone cases a duct with a centreline length of 1.5m was mod-
elled. In the coupled simulation the domain is divided into 3 sections of
an equal centreline length of 0.5m, the central duct modelled by mhdFoam
in this case being a sharp right-angled U-bend. The mesh is graded in the
directions normal to the Hartmann and side layers in the same way as for
the straight duct case. The mesh is also graded in the flow direction on
the approach to and exit from the corners of the U-bend to capture any
2D/3D details of the flow. This refinement leads to a higher number of cells
(544,000 for full mhdFoam model, 448,000 for coupled model). A heat flux
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Figure 6.17: Slice view of mesh for U-bend cases showing refinement around
corner regions
boundary condition is again applied, in this case to the outer walls of the
bend.
Figs. 6.18, 6.19, and 6.20 show that there is again good agreement be-
tween the coupled and standalone cases in terms of pressure drop. For the
case with zero magnetic field, the MHD-SYS value of axial pressure drop
is identical to that for the straight duct case. This is to be expected, as
the 1D systems code does not capture the geometry of the U-bend, instead
assuming it is a simple nodal junction. By comparing the percentage error
between the codes, as shown in Fig. 6.21, the MHD-SYS value of pressure
drop is 33% lower in comparison to that of the standalone mhdFoam sim-
ulation, which calculates the highest axial pressure drop value of the three
tests. The detailed 3D CMHD simulation models the actual geometry of
the U-bend and can capture 3D e↵ects occurring. It can be seen from the
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Figure 6.18: Axial pressure drop for U-bend case with zero external mag-
netic field, Ha = 0, Re = 588, calculated by coupled code in
comparison to constituent codes alone
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Figure 6.19: Axial pressure drop for U-bend case with uniform transverse
external magnetic field B = 0.5T, Ha = 54, Re = 588, calcu-
lated by coupled code in comparison to constituent codes alone
162
Axial distance (m)
0 0.5 1 1.5
Pr
es
su
re
 (P
a)
0
2000
4000
6000
8000
10000
12000
B = 1.0T MHD-SYSmhdFoam
Coupled
Figure 6.20: Axial pressure drop for U-bend case with uniform transverse
external magnetic field B = 1.0T, Ha = 108, Re = 588, cal-
culated by coupled code in comparison to constituent codes
alone
velocity profile shown in Fig. 6.22 that flow separation occurs at the cor-
ner of the bend, with a region(s) of recirculation present. These features
that are overlooked by the standalone MHD-SYS analysis have the e↵ect
of contributing to the fluid pressure drop. The value of axial pressure drop
calculated by the coupled solver lies in between the two standalone cases.
Because the corner region of the bend is modelled by the mhdFoam portion
of the code, the inertial e↵ects present here as discussed above, are again
captured. For this reason the coupled simulation gives a pressure drop value
much closer to that of the standalone mhdFoam case, to within 3%. In this
respect the coupled simulation shows improved accuracy when compared to
the standalone MHD-SYS simulation.
For the cases with an applied field, the values of pressure drop calculated
by each of the codes approach those calculated for the respective straight
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Figure 6.21: Percentage error in pressure drop calculation between cou-
pled and individual codes for U-bend case, B = 0, 0.5, 1T;
Ha = 0, 54, 108; Re = 588.
duct tests. Because there is a degree of laminarisation present in MHD
flows, the inertial flow behaviour described previously for the case with zero
applied magnetic field is now overcome by the electromagnetic forces present
due to the applied magnetic field. As such, for the standalone mhdFoam
and the coupled tests, the e↵ect of the U-bend on the flow and the result-
ing pressure drop is much reduced. This e↵ect becomes more pronounced
with increasing field strength. The error in this instanced reduces to 0.5%
between the coupled solver and the standalone mhdFoam case at B = 1.0T.
The calculation of fluid temperature di↵erence along the duct is again
considered. Fig. 6.24 shows good agreement again between the coupled
and standalone cases in terms of predicted temperature di↵erences. The
associated temperature contour plot for the mhdFoam portion of the coupled
model is shown in Fig. 6.25. The value of axial temperature rise calculated
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Figure 6.22: Velocity contour plot for U-bend coupled case, B = 0T,
Ha = 0, Re = 588. Note inlet is upper left.
Figure 6.23: Velocity contour plot for U-bend coupled case, B = 1.0T,
Ha = 108, Re = 588. Note inlet is upper left.
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by the coupled code agrees to within a maximum error of 2% of that given
by the standalone MHD-SYS case and 0.7% of the standalone mhdFoam
case for the case with zero applied magnetic field. As for pressure drop, the
error between the coupled solver value of temperature di↵erence and that
calculated by the constituent codes decreases with increasing magnetic field
strength.
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Figure 6.24: Axial temperature variation for U-bend case with zero external
magnetic field, Ha = 0, Re = 588, and applied constant heat
flux calculated by coupled code in comparison to constituent
codes alone.
As the magnetic field strength is increased, there is a decrease in per-
centage error between the coupled solver and the mhdFoam and MHD-SYS
solutions, shown in Fig. 6.26. This reduction is most marked in the com-
parison with MHD-SYS. As is similar for the pressure gradient study, as
the field is increased the temperature di↵erence for the U-bend solution ap-
proaches that for a straight duct at a similar field strength due to the fact
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Figure 6.25: Temperature contour plot for U-bend coupled case, B = 0T,
Ha = 0, Re = 588. Note inlet is upper left.
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Figure 6.26: Percentage error in temperature di↵erence calculation between
coupled and individual codes for U-bend case, B = 0, 0.5, 1T;
Ha = 0, 54, 108; Re = 588.
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that that perturbations in the flow become damped out, further laminar-
ising the flow. In the case of the U-bend the dual circulation zones and
stagnations areas in the corners of the bend disappear, causing the e↵ect of
the bend region to be reduced. As for pressure drop, the temperature dif-
ference percentage error magnitude is smallest between the coupled solver
and mhdFoam.
6.4 Chapter summary
Computational MHD solvers have been described in terms of their capabil-
ities and limitations. The attractiveness of the OpenFOAM package with
a built in induction method solver ’mhdFoam’ has been highlighted for the
purposes of this proof of concept study. The energy equation has been added
to the solver so that the temperature field in the fluid can be resolved. Alter-
native solvers based on the electric potential method have been described
which could be more suitable for this application in the long term. The
concept of code coupling has been introduced. The various methods and
protocols available for passing data between codes, in this case a systems
code MHD-SYS and a CMHD code mhdFoam, have been described. The
implementation of these methods in the individual codes has been detailed
and an explicit data transfer protocol devised. Several test cases have been
run in order to ensure that the coupled solver performs well in terms of
pressure and temperature di↵erence calculations without an externally ap-
plied uniform magnetic field and especially so when a field is applied with a
low percentage error between the coupled and standalone cases. The results
of these tests show that the coupled code can perform favourably in such
calculations.
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Chapter 7
Application of coupled MHD
solver to problems in fusion
blanket design
Having developed the basis of a coupled systems code - CMHD solver, it
is now possible to apply this to several demonstration problems relevant
to the design of fusion blankets. In particular, these models will exploit
the capability provided by the analytical solution to the electromagnetic
coupling phenomenon developed in Chapter 4, now incorporated into the
MHD-SYS systems code.
Manifolds are common features of fusion blankets, used to feed coolan-
t/breeder from the supply loop to the numerous channels that form the
blanket flow circuit. Due to their geometry, they are susceptible to complex
flow patterns and are therefore demand a CMHD analysis. Several studies
have performed numerical simulations of adjacent electromagnetically cou-
pled ducts and blanket manifolds [89, 39]. These demonstrate the e↵ect that
such coupling can have on the velocity and pressure distributions in such
arrangements. In the case of manifolds it is shown that, whilst the magnetic
field can act to laminarise the flow, 3D e↵ects are still important, partic-
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ularly in terms of predicting stagnation zones that could produce hotspots
and tritium retention areas. Such phenomena would clearly not be picked
up by a standalone 1D systems code analysis.
In order to provide accurate boundary conditions for a manifold model,
and in turn for a systems code model of an array of ducts fed through a com-
mon manifold, a coupled simulation is ideal. As discussed in Chapter 6, the
ability to model numerous coolant channels via a 1D systems code treatment
frees up computational resource to concentrate upon areas where detail is
required, such as manifolds and complex junctions.
In this chapter models are constructed of an inlet manifold feeding an
array of ducts. By building up the complexity of the models from standalone
MHD-SYS models to coupled simulations with mhdFoam modelling the
main manifold region and MHD-SYS the array of ducts, the virtues of this
methodology will be demonstrated.
7.1 Dual outlet duct manifold
The most basic manifold consists of a single inlet, and 2 outlets. Using
this arrangement is is possible to construct a simple systems code model as
shown in Fig. 7.1. The manifold is fed by an inlet duct, with each outlet
discharging to an outlet duct. For simplicity here, it is assumed that the
outlet ducts discharge to separate outlet junctions. This standalone model
is clearly inaccurate as it treats the manifold as a simple nodal junction. By
replacing this junction with a mhdFoam model and using a coupled simula-
tion, as shown schematically in Fig. 7.2, the complexity of this component
can be captured and more accurate values for pressure (and if required,
temperature) di↵erences can be calculated.
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Figure 7.1: Dual outlet duct manifold standalone MHD-SYS model
In the coupled code model, MHD-SYS models the inlet supply duct
(duct 1) and the two ducts emanating from the manifold (ducts 2 and 3).
These are representative of a pair of ducts comprising the coolant flow net-
work. The main manifold region, including the inlet and outlets 1 and 2, is
represented by an mhdFoam model.
7.1.1 Boundary conditions & test parameters for the dual
outlet duct case
Fluid transport properties are set to those used in Chapter 6. The inlet
velocity for the model is specified in MHD-SYS as 0.01ms 1, with the duct
lengths l = 0.1m. The wall conductance is set as equal to that of the
fluid unless otherwise specified. The manifold total length from inlet to the
outlets is set to l = 0.1m. In the single duct cases described in Chapter 6, the
boundary conditions applied to the mhdFoam model were a velocity inlet
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Figure 7.2: Dual outlet duct manifold coupled model
and pressure outlet. In MHD-SYS the ducts are characterised by velocity
inlets and pressure outlets. For the coupled code model of the dual duct
manifold case, a pressure inlet and velocity outlet conditions are passed
from MHD-SYS to the mhdFoam model. These conditions worked well for
the models here and the solution is well posed. At each time step, the outlet
pressure from MHD-SYS duct 1 is passed to the inlet patch of the entrance
duct of the mhdFoam manifold model as the inlet boundary condition. In
addition, the velocities in MHD-SYS ducts 2 and 3 are passed to outlets
1 and 2 of the manifold as outlet boundary conditions. At each time step
MHD-SYS updates the inlet patch of the manifold with the updated pressure
value from MHD-SYS (in reality set to a reference value of 0Pa). The
mhdFoam solver computes an average pressure at each of the outlet patches,
and calculates a pressure di↵erence between the inlet and each outlet which
is passed back to MHD-SYS. MHD-SYS applies these pressure drops to the
equivalent junction in the systems code model and advances to the next
time step. This process is repeated until convergence occurs, determined
by ensuring the relevant residual values are small and unchanging and by
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monitoring the patch averaged pressures at outlets 1 and 2 of the mhdFoam
model to ensure that these are constant.
The construction of the computational mesh, shown in Fig. 7.3 is of a
similar type to those described in Chapter 6. In this study the mesh is of a
more coarse cross-section to that described in Chapter 6 to enable faster run
times for these tests. The total number of cells used is 72,000. In addition
to the usual boundary layer refinements discussed previously, the mesh is
refined in the areas expected to have large gradients of velocity, specifically
around the expansion region where the inlet duct joins the outlets.
Figure 7.3: Dual outlet manifold mhdFoam mesh
7.1.2 Simulation test case B = 0
Initially the simulation is performed without an externally applied magnetic
field in order to check the behaviour of the normal hydrodynamic behaviour
of the system is physically correct and to give a reference model to which
the MHD model can be compared to.
The first simulation is performed using MHD-SYS alone. From Fig. 7.4
it can be seen that the average velocities in ducts 2 and 3 are equal and half
the value of the inlet duct 1 velocity, thus giving co- flow. The resultant
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pressure drop, as shown in Fig. 7.5 in each of ducts 2 and 3 is also half
the value of the inlet velocity. Given the symmetry of the geometry, this
result is to be expected. In this case as the manifold is treated as a simple
junction, (i.e. with no correlation applied), and has zero pressure drop
which is clearly inaccurate.
Figure 7.4: Dual outlet manifold MHD-SYS duct velocities, for B = 0T,
Ha = 0.
A coupled model is now built using the boundary conditions discussed,
and run using the coupled solver. This will demonstrate electromagnetic
coupling capability of MHD-SYS, through its influence of the velocities and
pressures passed to the mhdFoam part of the coupled model.
As the manifold region is now modelled with a more representative geom-
etry and simulated with the mhdFoam solver, more details of the flow can
be seen. As shown in Fig. 7.6, once the fluid leaves the solitary inlet duct
and enters the manifold region, it splits evenly into 2 streams flowing into
outlet 1 and outlet 2 respectively, with a velocity equal to half that of the
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Figure 7.5: Dual outlet MHD-SYS manifold duct pressure drops, for
B = 0T, Ha = 0.
initial entry value. This in turn leads to an equal pressure drop between
the inlet and each outlet of the manifold region, and in ducts 2 and 3, thus
agreeing with the result observed from the standalone MHD-SYS model.
A feature impossible to pick up with a systems code analysis, is the pair
of recirculation zones that occur in the corners of the expansion section of
the manifold region immediately downstream of the inlet duct, and in the
outlet ducts downstream of the expansion (predicted by similar models e.g
[39]). In the zero field case, the fluid velocity in these regions is close to
zero, indicating the potential for stagnation. As discussed previously, flow
stagnation in the blanket can have considerable implications for the tritium
inventory in the liquid breeder and lead to the formation of hotspots. Such
recirculation zones are discussed in more detail in the following section on
the triple outlet manifold.
Fig. 7.7 shows the y-axis velocity profile of the fluid just before the
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boundaries of outlets 1 and 2 (at x = 0.095 from manifold inlet). Here the
profiles clearly do not exhibit the smooth parabolic profile expected of ordi-
nary hydrodynamic flow. This is due to the fact that the flow profile is still
recovering after encountering the expansion region. Ideally the mhdFoam
portion of the model should model a longer section of outlet 2 in order for
true fully developed flow to occur. This phenomenon could potentially lead
to an inaccuracy when passing the average velocity to MHD-SYS. For the
case where B 6= 0, this e↵ect is overcome due to the laminarisation e↵ect of
the field, as discussed in Chapter 6 and in the following section. It should
be noted that this plot is obtained directly from the paraFoam visualization
tool as are all the velocity profile plots in this chapter. The discontinuity
in the lines at points y = 0.01 and 0.02 is an artefact of the software and in
reality continue to a velocity of zero due to the no-slip condition.
Figure 7.6: Dual outlet duct manifold velocity contour plot for case B = 0T,
Ha = 0.
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Figure 7.7: Manifold outlets 1 and 2 mhdFoam y-axis velocity profile at x
= 0.095m, for B = 0T, Ha = 0 case.
7.1.3 Simulation test case B 6= 0
Once an externally applied magnetic field is applied, several scenarios can
be considered. Firstly the simulation is run assuming that the ducts are
electrically insulated from each other, i.e. there is no possibility for electro-
magnetic flow coupling to occur between adjacent ducts. This arrangement
can be modelled by invoking the simple Miyazaki type MHD pressure drop
correlation in MHD-SYS. The 2 main subsets of this case are ducts that are
with electrically conducting walls and electrically insulating walls and these
are studied below.
In reality, it can be imagined that the ducts, being adjacent to one another
and assuming no or imperfect electrical insulating coatings/inserts, are elec-
trically coupled in the manner described in Chapter 4. In this scenario, the
electromagnetic coupling correlation in MHD-SYS is enabled, invoking the
177
new pressure drop correlation 4 (and in turn the appropriate Nusselt num-
ber relation if required). This ensures that MHD-SYS provides modified
flow parameters to the mhdFoam model, in terms of updates velocities or
pressures.
For simplicity, in the simulations that follow, the manifold region, i.e.
the mhdFoam portion of the model, is assumed to be electrically insulating,
with the MHD-SYS ducts conducting. This is achieved by applying the
fixedValue boundary condition and applying a uniform value for the field
(0,B,0) at each appropriate patch. This will enable the e↵ect of the electro-
magnetic coupling of the flow through the duct array and the corresponding
manifold outlets to be studied.
7.1.3.1 Case with no electromagnetic coupling
As before, an initial simulation is performed with MHD-SYS alone. From
Fig. 7.8, it can be seen that the velocities in ducts 2 and 3 are again equal
and half the value of the inlet velocity of 0.01ms 1 giving co-flow. The
resultant pressure drop in each of ducts 2 and 3, as shown in Fig. 7.9, is
also half the value found in duct 1. However, these values are now much
higher due to the additional MHD pressure drop caused by the applied
magnetic field.
The code-coupled simulation is set up in exactly the same manner as the
zero field case, but with an applied external magnetic field of 1.0T applied in
the y-direction. As shown in Fig. 7.10, once the fluid leaves the solitary inlet
duct and enters the manifold region, it again splits evenly into 2 streams
flowing into outlet 1 and outlet 2 respectively, with a velocity equal to half
that of the initial entry value, shown in Fig. 7.11. This in turn leads to
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Figure 7.8: Dual outlet manifold MHD-SYS duct velocities, for B = 1T,
Ha = 108, no EM coupling.
Figure 7.9: Dual outlet manifold MHD-SYS duct pressure drops, for
B = 1T, Ha = 108, no EM coupling.
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an equal pressure drop (now larger due to the MHD e↵ect) between the
inlet and each outlet of the manifold region, and in turn down ducts 2 and
3, thus agreeing with the result observed from the standalone MHD-SYS
model. Here the velocities now exhibit a symmetrical, flattened profile as
seen in Fig. 7.11, due to the e↵ect of the field, and the flow at this reference
point is now laminarised, as seen in Fig. 7.10, in comparison to the case with
zero field given in Fig. 7.6. It is noted that the stagnation zones observed
in the case of zero field are still present. In this case however, the degree
of recirculation is significantly reduced, as the field serves to laminarise the
flow.
Figure 7.10: Dual outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108. Manifold region insulating, outlet ducts
conducting with no EM coupling.
7.1.3.2 Case with electromagnetic coupling
The final scenario that can be imagined is that in which the outlet ducts
emanating from the manifold share common conducting walls, enabling elec-
tromagnetic flow coupling. The modelling strategy follows the same pro-
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Figure 7.11: Manifold outlets 1 and 2 mhdFoam y-axis velocity profile at x
= 0.095m, for B = 1T, Ha = 108, no EM coupling case.
cedure as before with an MHD-SYS standalone model run, followed by a
coupled simulation. From Fig. 7.12, it can be seen that for the MHD-SYS
standalone case, the velocities in ducts 2 and 3 are again equal. In this case
they are more than half of the value of that of the specified inlet velocity of
0.01ms 1 as a result of flow enhancement due to the EM coupling e↵ect. In
turn, the pressure drop in each duct shown in Fig. 7.13 is now marginally
lower compared to the uncoupled case. In the coupled model the flow splits
into two streams as before, but as can be seen in Figs. 7.14 and 7.15, the
velocity is increased due to the enhancement caused by the flow coupling
e↵ect occurring in the parallel ducts.
7.2 Triple outlet manifold
The next obvious development to the dual outlet case is to add an extra
outlet duct and create a manifold arrangement similar to that studied by.
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Figure 7.12: Dual outlet manifold MHD-SYS duct velocities, for B = 1T,
Ha = 108, with EM coupling.
Figure 7.13: Dual outlet manifold MHD-SYS duct pressure drops, for
B = 1T, Ha = 108, with EM coupling.
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Figure 7.14: Dual outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108. Manifold region insulating, outlet ducts
conducting with EM coupling.
Figure 7.15: Manifold outlets 1 and 2 mhdFoam y-axis velocity profile at x
= 0.095m, for B = 1T, Ha = 108. EM coupling case.
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This geometry is arguably more interesting than the dual duct case due
to the manner in which the flow splits after the expansion region. As the
central duct is directly aligned with the inlet duct it is expected that a
higher proportion of the flow will pass down here, with a reduced flow rate
in the side ducts.
When a magnetic field is applied and the ducts are electromagnetically
coupled this situation changes. Results presented by Chen et al [39] show
that in this type of arrangement the increased flow rate in the central duct
becomes less pronounced and the flow is distributed more every across the
ducts. The following test cases will demonstrate this behaviour using the
coupled solver with electromagnetic coupling enabled.
As for the dual outlet manifold case, a standalone systems code model of
the triple outlet manifold case is built initially, shown schematically in Fig.
7.16.
Manifold 
MHD-SYS 
Inlet 
Duct 1 
Outlet 1 
Outlet 3 
MHD-SYS 
Duct 4 
MHD-SYS 
Duct 2 
Outlet 2 
MHD-SYS 
Duct 3 
Figure 7.16: Triple outlet duct manifold standalone MHD-SYS model
As before, this standalone model is clearly inaccurate as it treats the
manifold as a simple nodal junction. In particular, this model has no means
of capturing the fact that, due to the geometry of the manifold, the majority
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of the flow will be in the central duct (outlet 2, duct 3). For the code-coupled
simulation the manifold junction is replaced with a mhdFoam model as
shown schematically in Fig. 7.17.
In the coupled model MHD-SYS is used to model the inlet supply duct
(duct 1), mhdFoammodels the main manifold region, and MHD-SYS models
the three ducts emanating from the manifold (ducts 2, 3 and 4). These are
representative of an arrangement of three ducts comprising the coolant flow
network.
MHD-SYS MHD-SYS 
MHD-SYS 
Outlet 1 
Outlet 2 Inlet 
Manifold 
Duct 3 
Duct 2 
Duct 1 
mhdFoam 
Outlet 3 
Duct 4 
MHD-SYS 
Figure 7.17: Triple outlet manifold coupled model
7.2.1 Boundary conditions & test parameters for triple
outlet duct case
Test parameters are equal to those for the dual duct case, with the MHD-
SYS duct lengths set as l = 0.1m. The wall conductance is set as equal
to that of the fluid unless otherwise specified. The manifold total length
from inlet to the outlets is set to l = 0.1m. As for the dual outlet manifold,
pressure inlet and velocity outlet conditions are passed from MHD-SYS to
the mhdFoam model for the triple outlet duct case. At each time step,
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the outlet pressure from MHD-SYS duct 1 is passed to the inlet patch of
the entrance duct of the mhdFoam manifold model as the inlet boundary
condition. In addition, the velocities in MHD-SYS ducts 2, 3 and 4 are
passed to outlets 1, 2 and 3 of the manifold as outlet boundary conditions.
The boundary patches are updated as described previously.
7.2.2 Simulation test case B = 0
As before, the first simulation is performed without an externally applied
magnetic field in order to check the normal hydrodynamic behaviour of the
system and to give a reference model to which the subsequent MHD models
can be compared to.
The first simulation is performed using MHD-SYS alone. From Fig. 7.18
it can be seen that the average velocities in ducts 2, 3 and 4 are equal and
a third of the value of the inlet duct 1 velocity, thus giving co- flow. Fig.
7.19 shows that the resultant pressure drop in each of ducts 2, 3 and 4 is
also a third of the value found in duct 1. Given how the geometry of the
problem is represented in MHD-SYS, this result is to be expected. As the
manifold is treated as a simple junction, (i.e. with no correlation applied),
it is seen to have zero pressure drop. Clearly these results are inaccurate.
A coupled model is now built using the boundary conditions discussed,
and run using the coupled solver. The parameters for the mhdFoam ge-
ometry and mesh are as for the dual duct case. The construction of the
computational mesh, shown in Fig. 7.20 is of a similar type to those de-
scribed in Chapter 6. The total number of cells used is 104,000. As for the
dual outlet manifold, in addition to the boundary layers, the mesh is refined
in the areas expected to have large gradients of velocity, specifically around
the expansion region where the inlet duct joins the outlets.
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Figure 7.18: Triple outlet manifold MHD-SYS duct velocities, for B = 0T,
Ha = 0, tw = 0.01.
Figure 7.19: Triple outlet manifold MHD-SYS duct pressure drops, for
B = 0T, Ha = 0, tw = 0.01.
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Figure 7.20: Triple outlet manifold mhdFoam mesh
As the manifold region is now modelled with a more representative ge-
ometry and simulated with the mhdFoam solver, more details of the flow
can be seen. As shown in Fig. 7.23, once the fluid leaves the solitary inlet
duct and enters the manifold region, it splits into 3 streams flowing into
outlets 2, 3 and 4 respectively. Due to the geometry, the flow in the central
outlet 2 (duct 3) is higher than the flows in the side outlets 1 and 3 (ducts
2 and 4). As such the pressure drop between the inlet and each outlet of
the manifold region di↵ers. A random distribution plot of vector glyphs for
triple duct case with applied field coloured by velocity magnitude is shown
in Fig. 7.24. Recirculation zones are observed immediately downstream of
the inlet duct and in the two side ducts downstream of the expansion region.
The correct flow distribution through the manifold is now reflected in the
MHD-SYS duct model. Rather than there being equal flow in each outlet
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Figure 7.21: Triple outlet manifold coupled MHD-SYS duct velocities, for
B = 0T, Ha = 0, tw = 0.01.
Figure 7.22: Triple outlet manifold coupled MHD-SYS duct pressure drops,
for B = 0T, Ha = 0, tw = 0.01.
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Figure 7.23: Triple outlet duct manifold velocity contour plot for case
B = 0T, Ha = 0, tw = 0.01.
Figure 7.24: Vector glyphs for triple duct case with no applied magnetic
field, Ha = 0, coloured by velocity magnitude.
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Figure 7.25: Manifold outlet y-axis velocity profile at x = 0.095m for
B = 0T, Ha = 0, tw = 0.01 case.
duct there is now a higher flow in the central duct 3, as shown in Fig. 7.21.
As a result the pressure drop distribution in each duct is modified as seen in
Fig. 7.22. These results indicate that the code coupling between MHD-SYS
and mhdFoam is operating correctly. Fig. 7.25 shows the y-axis velocity
profile of the fluid just before the outlet boundaries of the manifold region
(at x = 0.095 from manifold inlet). As for the dual outlet case, these clearly
do not exhibit the parabolic profile expected of ordinary hydrodynamic flow.
For the case where B 6= 0, this e↵ect is overcome due to the laminarisation
e↵ect of the field, as will be discussed in the following section.
7.2.3 Simulation test case B 6= 0
As for the dual outlet duct manifold case, several scenarios are considered
for the triple outlet duct case when a magnetic field is applied.
191
7.2.3.1 Case with no electromagnetic coupling
The code-coupled simulation is set up in exactly the same manner as the
zero field case, but with an applied external magnetic field of 1T applied
in the y-direction. For this case with no electromagnetic coupling, the wall
conductivities are set as insulating. Fig. 7.26, shows that once the fluid
leaves the solitary inlet duct and enters the manifold region, it again splits
into 3 streams, with a higher velocity in the central outlet 2. This can be
Figure 7.26: Triple outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108, tw = 0.01. Manifold region insulating, out-
let ducts conducting with no EM coupling.
seen more clearly in the velocity profile plot in Fig. 7.28. In this case the
velocities in each of the outlet ducts is reduced in comparison to the zero
field case due to the influence of the applied magnetic field. A random distri-
bution plot of vector glyphs for triple duct case with applied field coloured
by velocity magnitude is shown in Fig. 7.27. Again, recirculation zones
are still present in the corners of the expansion section. In this case how-
ever, the degree of recirculation is significantly reduced, as the field serves
to laminarise the flow. The zones observed in the side outlets immediately
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Figure 7.27: Vector glyphs for triple duct case with applied field coloured
by velocity magnitude. It is noted that the recirculation zones
observed for the case with zero field have been damped out.
Figure 7.28: Manifold outlet 1 y-axis velocity profile at x = 0.095m for
B = 1T, Ha = 108, tw = 0.01, non EM coupling case.
193
downstream of the expansion section have now disappeared, again due to
the e↵ect of the magnetic field.
7.2.3.2 Case with electromagnetic coupling
The final scenario that can be imagined is that in which the outlet ducts
emanating from the manifold share common conducting walls, enabling elec-
tromagnetic flow coupling. The modelling strategy follows the same proce-
dure as before, but now the outlet duct wall thicknesses are varied in order
to study the e↵ect of the degree of coupling on the flow distribution across
the array. For simplicity, the geometry of the mhdFoam manifold model re-
mains unchanged.The e↵ect of the wall conductance ratio on the degree of
electromagnetic coupling is now investigated. Cases are run for varying wall
thickness values of tw = 0.01 - 0.5, corresponding to conductance rations of
cw = 1 - 200. In reality these values are high, with typical blanket values
regarded as being in the region of cw = 0.001 - 0.1. This is necessary in
order to study the electromagnetic coupling e↵ect, as the Hartmann num-
ber in this study is low in comparison with that encountered in the blanket
regime, due to the limitations of the mhdFoam solver. However, in reality a
Hartmann number in the order of 103 or 104 would have a greater influence
over the coupling, enabling more representative conductance ratios to be
used.
For a relatively low value of wall thickness, Figs. 7.29 and 7.30 show
that the velocities and pressures in ducts 2 and 3 are again not equal, with
a significantly higher velocity and pressure in the central duct due to the
flow coupling in this case. This is reflected in the velocities in the manifold
outlets as shown in Figs. 7.31 and 7.32.
As the wall thickness is increased from tw = 0.01 to tw = 0.1, the degree
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Figure 7.29: Triple outlet manifold duct velocities, for B = 1T, Ha = 108,
tw = 0.01. EM coupling case.
Figure 7.30: Triple outlet manifold duct pressure drops, for B = 1T,
Ha = 108, tw = 0.01. EM coupling case.
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Figure 7.31: Triple outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108, tw = 0.01. Manifold region insulating, out-
let ducts conducting with EM coupling.
Figure 7.32: Manifold outlet velocity profile at x = 0.095m for B = 1T,
Ha = 108, tw = 0.01. EM coupling case.
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of coupling appears to increase. This has the e↵ect of suppressing the flow
in the central duct 3 and increasing the flow in the side ducts 2 and 4 as
shown in Fig. 7.33. As a result, the flow in the manifold outlets adjusts to
account for this as shown in Figs. 7.35 and 7.36 The total pressure across
all ducts increases, but also evens out as for velocity as seen in Fig. 7.34.
Figure 7.33: Triple outlet manifold MHD-SYS duct velocities, for B = 1T,
Ha = 108, tw = 0.1. EM coupling case.
Increasing the wall thickness again from tw = 0.1 to tw = 0.5, the e↵ects
of the electromagnetic coupling become more apparent. The flow in the
central duct 3 is now significantly reduced when compared to the previous
case and the increase the flow in the side ducts 2 and 4 serves to even out
the distribution across the ducts, as shown in Fig. 7.37. As a result, the flow
in the manifold outlets adjusts to account for this as shown in Figs. 7.39
and 7.40 The total pressure across all ducts increases as seen in Fig. 7.38.
In summary, comparing the cases for tw = 0.01   0.5, cw = 1   200 to
that for the equivalent case with no flow coupling, it is seen that initially the
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Figure 7.34: Triple outlet manifold MHD-SYS duct pressure drops, for
B = 1T, Ha = 108, tw = 0.1. EM coupling case.
Figure 7.35: Triple outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108, tw = 0.1. Manifold region insulating, outlet
ducts conducting with EM coupling
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Figure 7.36: Manifold outlet velocity profile at x = 0.095m for B = 1T,
Ha = 108, tw = 0.1. EM coupling case.
Figure 7.37: Triple outlet manifold MHD-SYS duct velocities, for B = 1T,
Ha = 108, tw = 0.5. EM coupling case.
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Figure 7.38: Triple outlet manifold MHD-SYS duct pressure drops, for
B = 1T, Ha = 108, tw = 0.5. EM coupling case.
Figure 7.39: Triple outlet duct manifold velocity contour plot for case
B = 1T, Ha = 108, tw = 0.5. Manifold region insulating, outlet
ducts conducting with EM coupling.
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Figure 7.40: Manifold outlet velocity profile at x = 0.095m for B = 1T,
Ha = 108, tw = 0.5. EM coupling case.
flow is accelerated in each of the ducts 2 - 4 and as a result in the manifold
outlets 1 - 3. This is a result of the electromagnetic coupling e↵ect between
ducts 2, 3 and 4. As a result modified velocities are passed back to the
manifold, resulting in the e↵ect observed in the manifold outlets that form
part of the mhdFoam model.
For these particular cases, as the wall thickness is increased, in turn in-
creasing the wall conductance ratio, the coupling e↵ect between the ducts
appears stronger, further e↵ecting the flow in the manifold outlets. The
velocity in the central duct 3, corresponding to outlet 2, is now suppressed,
and the velocities in the outer ducts 2 and 4 (corresponding to outlets 1 and
3) are increased. As such the flow through the ducts and in turn the mani-
fold outlets starts to become more balanced across the array. The pressure
drop across the ducts also balances to reflect this, with the total pressure
201
drop across the ducts increasing with increasing tw and cw. With higher
values of magnetic field strength, and hence Hartmann number, these e↵ects
would become even more pronounced, as demonstrated by Chen et al. [39].
As an aside, it is noted that so called ’Ludford layers’ are observed in the
expansion region of the mhdFoam models of the manifold for cases with an
applied field as the flow turns from perpendicular to the applied field, to
parallel and back again. These special shear layers are known to contribute
to pressure drops in MHD flows. Their influence however is not studied here
as it is outside the scope of this thesis.
The results presented here demonstrate the phenomena studied in Chap-
ter 4 in the context of a coupled code simulation of manifold systems. The
electromagnetic coupling capability of MHD-SYS is reflected in the mhd-
Foam model that forms this coupled solver. As such it can be concluded
that this coupled solver can simulate such phenomena and provide a useful
tool for more developed blanket systems models.
7.3 Chapter summary
The coupled solver developed in Chapter 6 has been applied to more complex
blanket like geometries including dual and triple outlet manifolds supplying
multiple ducts.
The electromagnetic flow coupling correlation developed in Chapter 4
was employed in MHD-SYS to simulate the coupling between adjacent con-
ducting ducts in a manifold array. Results indicated that the correlation
performs well, with velocities and pressure di↵erences adjusted as expected.
For the triple outlet manifold case, the increasing influence of the electro-
magnetic coupling on the velocities and pressures in the ducts is studied by
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varying the duct wall thickness of the outlet ducts. The electromagnetic
coupling e↵ect quantified by MHD-SYS is successfully reflected in the up-
dated boundary conditions passed to the mhdFoam manifold model via the
coupled solver.
It is hoped that the cases presented here demonstrate the potential of this
solver in such applications and will provide the basis for more detailed and
extensive studies of larger blanket systems in the future.
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Chapter 8
Conclusions
8.1 Summary of thesis
The concept of using a code coupling approach for modelling thermal-
hydraulic systems is attractive, given the features that each constituent
code bring. Fusion blanket analysis is an ideal application of this type of
code. In order to model advanced blanket designs that employ liquid metal
coolants, current systems codes are somewhat lacking.
In order to overcome these limitations and realise such a modelling ap-
proach, the research objectives set out in Chapter 1 have been addressed as
follows.
A systems code has been developed, MHD-SYS, that can take into ac-
count MHD pressure drop on the thermal-hydraulic performance of blanket
systems via an experimentally obtained correlation. The code can model
networks of ducts connected by junctions by solving a 1D model of the
equations of fluid dynamics and heat transfer. Complex junctions can be
characterised by pressure and temperature di↵erences that can be obtained
from correlations, or by coupling to detailed 3D analyses.
Through the formulation of an analytical solution to the problem of elec-
tromagnetic flow coupling in adjacent ducts a novel pressure drop correlation
has been obtained and the e↵ect of such coupling on the behaviour of such
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MHD flows studied and quantified via a ’coupling parameter’. These results
are important not only for providing insight into the underlying physics of
these MHD phenomena but also for providing a means of validation numer-
ical codes and experimental data. By incorporating the resulting pressure
drop correlation into MHD-SYS, this work has lead to the enhancement of
systems code capability for MHD applications.
An analytical solution to the heat transfer problem in MHD flow in insu-
lating ducts (the Shercli↵ case) has been formulated and novel temperature
distribution and Nusselt number correlations obtained. These have been
applied to several cases of ducts with varying aspect ratio to study the ef-
fect of MHD phenomena on the heat transfer in a duct of this nature. As
for the case of flow coupling, these solutions provide an important means
of benchmarking numerical codes and experimental work. In addition, such
relations have the potential to further enhance the capability of systems
codes for MHD applications by accurately capturing the thermal behaviour
of duct systems.
With the capability of the MHD-SYS systems code enhanced for appli-
cation to fusion blanket problems it was coupled to a CMHD solver to
enable more complex components such as manifolds to be modelled. The
open source mhdFoam solver was used, with its performance and limita-
tions noted for this initial study. The code coupling was achieved through
the used of an explicit scheme, with data transfer between codes achieved
by means of TCP sockets. Through its application to simple test cases
comprised of rectangular ducts and U-bends it was found to perform well
when compared to the constituent codes both for calculation of momentum
e↵ects via an MHD pressure drop correlation, and for energy transfer via
the calculation of temperature di↵erences when the duct was subjected to
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a heat flux.
As a demonstration of the potential for the application of this code to
blanket systems a number of test cases based on manifolds supplying ar-
rays of ducts were considered. The ducts, represented by the MHD-SYS
portion of the model, were first considered electrically insulated from each
other before the e↵ect of shared conducting walls was modelled, via the
novel pressure drop correlation. The influence of the degree of coupling on
the velocity and pressure in the system was successfully represented and
reflected via code coupling to the mhdFoam manifold model in each case.
It is proposed that the research hypothesis of the development of a systems
code - CMHD modelling methodology for fusion blanket design has been
established and developed. The work presented in this thesis represents an
initial exploration of the use of this methodology for the blanket application
and as such there is great scope for further development. Several suggested
directions for future work will now be considered.
8.2 Proposals for future work
There are a number of further studies that it is thought would be of benefit
to the development of the coupled systems code - CMHD approach pre-
sented here for the fusion blanket application. These cover development
and improvement of the solver performance and improvements to the capa-
bilities of the MHD-SYS and/or coupled solver by adding further physics
models. Initial suggestions are presented here but the list is by no means
exhaustive.
In this study the standard induction method solver mhdFoam has been
used. The idea was to prove the principle that a CMHD solver could be cou-
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pled to a thermal-hydraulic systems code and as such the e↵ectiveness of the
CMHD solver was not the primary concern. As mentioned in Chapter 6,
recent developments in the use of electric potential, ’inductionless’ based
solvers have shown great promise for incompressible MHD modelling in fu-
sion, with boundary conditions able to be applied more suitably and the
numerical issues associated with induction method solvers. It is proposed
that the next logical step would be to couple MHD-SYS with an electric
potential solver, such as epotFOAM. The only modifications to the solver
foreseen to enable code coupling would be to add the TCP socket commu-
nication calls in the same manner as has been described for mhdFoam. It is
envisaged that the nature of the data transferred and the manner in which
this applied at boundaries would remain the same.
Throughout this study the it has been assumed that the MHD flows
considered are laminar in nature due to the e↵ect of the magnetic field
damping out turbulence e↵ects. Whilst turbulence is indeed damped to
an extent, recent work in this area has discovered that MHD flows can
exhibit a quasi 2D turbulence. This is a relatively new field of research and
it is suggested that developments in turbulence models for MHD should
be closely followed in the context of this work as these could provide new
CMHD solvers for use in the code coupling application.
A explicit coupling protocol has been considered to demonstrate how
code coupling can be achieved for use in analysing blanket type geometries.
However, several other methods of coupling systems codes and CFD solvers
can be implemented, each with its own pros and cons. Other schemes, for
example semi-implicit coupling, should be explored to determine potential
benefits on solver performance.
At present the input velocity applied to the CMHD model from MHD-
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SYS consists of an area averaged velocity applied to the relevant boundary
patch. This is clearly unphysical, as in the reality the velocity profile in
a rectangular duct will be parabolic (with zero field or low aspect ratio),
flat (external magnetic field with insulating walls (Shercli↵’s case), or ’M’
shaped (external field with conducting walls). In order to improve the accu-
racy of the CMHD solution it would be desirable to pass the velocity profile
as some form of shape function and this should be investigated.
As seen from the example presented in Chapter 3, blankets potentially
contain a number of features that would benefit from CMHD treatment
over a 1D systems code approach. This study has presented the princi-
ple of a coupled code approach to blanket modelling, nut to model a full
blanket system would required the capability to couple the systems code
to multiple CMHD treatments. Using the TCP socket communications ap-
proach detailed here this should be achievable. By assigning a di↵erent port
number to each ’junction’ (CMHD instance) required, data could be com-
municated between MHD-SYS and the relevant CMHD model by spawning
several CMHD solvers simultaneously. Each instance of the solver would
be assigned to an individual model, with data transfer controlled by the
systems code.
The analytical heat transfer work presented in Chapter 5 considers the
case of Shercli↵ flow. This could be extended, using the same principles, to
Hunt flow and in turn provide correlations for the case of electromagneti-
cally coupled ducts, providing further physical insights, data for validation
purposes and further enhancing the capability of MHD-SYS.
Finally, whilst thermal-hydraulics is the focus of this study, other physical
processes are important in the design and operation of blankets. The trans-
port of tritium within the blanket flow network is intrinsically linked to the
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thermal-hydraulics. The inclusion of a tritium transport model in MHD-
SYS would be a valuable addition to the physics capabilities of the code and
would enable this important aspect of blanket designs to be studied. An-
other phenomenon influenced by a blanket’s thermal-hydraulic behaviour
and of particular importance in the liquid metal designs is corrosion and
similar transport models could be included to model such e↵ects.
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